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■ Abstract 

It is shown how two-dimensional states corresponding to D-branes arise in orbifolds 
of topologically massive gauge and gravity theories. Brane vértex operators naturally 
appear in induced worldsheet actions when the three-dimensional gauge theory is 
minimally coupled to external charged matter and the orbifold relations are carefuUy 
taken into account. Boundary states corresponding to D-branes are given by vacuum 
wavefunctionals of the gauge theory in the presence of the matter, and their various 
constraints, such as the Cardy condition, are shown to arise through compatibihty 
relations between the orbifold charges and bulk gauge invariance. We show that 
with a further conformally-invariant coupling to a dynamical massless scalar field 
theory in three dimensions, the brane tensión is naturally set by the bulk mass 
scales and arises through dynamical mechanisms. As an auxilliary result, we show 
how to describe string descendent states in the three-dimensional theory through 
the construction of gauge-invariant excited wavefunctionals. 
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1 INTRODUCTION AND SUMMARY 



Holography has played an important role over the last few years in many developments 
centered around string theory and quantum gravity. In many of its incarnations it provides 
a powerful tool which allows one to extract information about a strongly-coupled theory 
from the perturbative sector of a holographic, or dual theory. For example, the duality 
between string theory on anti-de Sitter spacetimes and supersymmetric Yang-Mills theory 
on the boundaries provides a means of extracting information about the strong curvature 
limit of supergravity from quantum gauge theory, and it is further hoped that string theory 
could shed light in this context on the nature of the strong-coupling regime of gauge theories. 

In this paper we will study one of the simplest examples of holography. It is based 
on the representations of spaces of conformal blocks in two-dimensions as the quantum 
Hilbert spaces of Chern-Simons gauge theories in three-dimensions [1-5]. It extends to a 
duality between two-dimensional conformal field theories and gravity and three-dimensional 
topologically massive gauge and gravity theories [6-9] . This has culminated into the topo- 
logical mcmbranc approach to string theory and has provided various powerful, dynami- 
cal descriptions of processes in perturbative string theory which are reachable in the lan- 
guage of threc-dimensional gauge and gravity theories. As has been extcnsively studied 
in the past [10-28], this formalism starts with a three-dimensional thickened worldsheet 
on which therc livcs a topologically massive (or Maxwell-Chern-Simons) gauge theory, to- 
gether with topologically massive (or Einstein-Chern-Simons) gravity and a propagating 
three-dimensional scalar field corresponding to the string dilaton field. This entity is known 
as the "topological membrane" . The usual string worldsheet is split into the left and right 
moving two-dimensional boundaries of the mcmbranc. As is wcll-known, cvcn at the Icvcl 
of the topological quantum field theory, puré Chern-Simons theory is not sufíicient to de- 
scribe all of the freatures of a full conformal field theory (let alone the full string theory). 
Including a Maxwell kinctic tcrm into the theory lifts the dcgcneracy of the phasc spacc, 
leaving four canonical variables (in contrast to the two of puré Chern-Simons theory). This 
lifting is necessary to enable the proper incorporation of both left and right moving degrees 
of freedom of the string theory. 

The primary motivation behind this approach has been the unification of the vari- 
ous string theories through one fundamental theory, the topological membrane, using the 
wealth of analytic tools available to field theories in three spacetime dimensions. This 
framework can thereby be thought of as M-thcory at the worldsheet level. In fact, there 
are many indications already at this level that various 11-dimensional constructs, such as 
the Horava-Witten embedding of the Es x Es heterotic string into M-theory [29,30], can 
find fundamental realizations as a one dimensión extensión of the string worldsheet. In 
other contexts this holographic correspondence has been described using certain spin-foam 
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models of quantum gravity [31]. In this paper we will concéntrate on the incorporation of 
D-branes and open string Wilson lines into the topological membrane formalism. 

1.1 D-Branes 

To help place our analysis into context, we begin with a brief overview of the nature of 
D-branes in string theory. Dirichlet boundary conditions were originally introduced for all 
of the string embedding coordinates in order to probé off-shell string theory [32-35] . Co- 
existing Dirichlet and Neumann boundary conditions were studied for the first time in [36] 
as a possible compactification schcme for string theory. Dual string theorics [37] incorpó- 
rate point-like structures [38-40]. This fact strongly suggests that partonic behaviour and 
henee a temptative realistic description of quantum chromodynamics in string theory is 
introduced through point-like sources [41-45]. 

It was noted in [40] that duality interchanges Neumann and Dirichlet boundary condi- 
tions. This fact strongly indicates that both types of boundary conditions should coexist 
in dual theories. Purthermore, it was argued in [46] that the large nonperturbative effects 
(of order e ~^/^») in string theory have their origin in the same sorts of mechanisms. In [47] 
it was finally cstablished that D-branes are indeed intrinsic objects in string theory and are 
required by consistency of the various string dualities. 

Recently, the study of D-branes at the level of worldsheet conformal field theory and 
Wess-Zumino-Novikov-Witten (WZNW) cr-models have received much attention [48-53] 
(see [54] for a review). In these approaches, D-branes correspond to vértex operators in 
boundary conformal field theory. The fruitfulness of these models is that they provide an 
analytic and tractable means of studying D-branes on curved spaces which are group mani- 
folds. The connection between the target space description of D-branes and the worldsheet 
framework is best understood within a worldsheet a-model path integral (effective action) 
formalism [55,56]. These descriptions were brought together in [57] where it was found 
that the tensión of a D-brane is proportional to the suitably regularized dimensión of the 
physical Hilbert space of the worldsheet boundary conformal field theory, and agrees with 
the description in terms of an effective target space action for the D-brane dynamics. It 
is these boundary conformal field theory approaches that will naturally emerge from the 
topological membrane formalism. 

1.2 Summary of Main Results 

In this paper we will expand on the analysis initiatcd in [28] which is based on construct- 
ing Schrodinger wavefunctionals of topologically massive gauge theory that correspond to 
States of the induced conformal field theory. Partition functions and correlators of the 
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two-dimensional cr-models are thereby obtained through inner products between three- 
dimensional states. The construction of open string states, in particular those describing 
D-branes, is based on representing the open string sector as a worldsheet orbifold of an 
associated closed string sector [58-60]. The extensión of these constructions to the three- 
dimensional setting was first described in [61] and further elucidated in [26-28]. Recently, 
the three-dimensional topological field theory description has been extended to incorpórate 
boundary states and amphtudes appropriate to D-branes in [62-65]. This approach rehes 
on a model-independent axiomatic formahsm which gives rise to a modular tensor category 
describing the Moore-Seiberg data of a rational, chiral conformal field theory. While some 
of the techniques we introduce in the following are conceptually the same, our goal is to 
obtain explicit representations of D-brane states directly from the physical wavefunctions 
of the underlying three-dimensional gauge and gravity theories. 

In what foUows we will only analyse the simplest instances corresponding to D-branes 
in ñat, compact backgrounds, or equivalently WZNW models based on abelian Lie groups. 
The advantage of these models over their non-abelian counterparts is that we can make 
all constructions very explicit without too many technical obstructions, and a lot of what 
we say can at least in principie be applied also to arbitrary gaugc groups. The extensions 
to non-abclian gauge groups and D-branes in curved backgrounds represents one of the 
most important generalizations of the ensuing analysis. The topological membrane could 
thereby prove to be an indispensible tool for discovering the properties of D-branes on 
group manifolds, which are not yet understood in their entircty. Another important aspect 
which is not addrcssed in the following is the cmcrgcnce of D-brane chargc within the three- 
dimensional context. This requircs the proper construction of Ramond-Ramond states in 
the topological membrane and henee an understanding of how target space supersymmetry 
arises, which at present is not very well-understood. A bcttcr understanding of the latter 
feature, along with the embedding of the Eg x Es heterotic string in three-dimensions [16,25], 
may help elucídate the connections between the topological membrane and M-theory. 

The main accomplishments of the present paper can be summarized as foUows: 

• For the first time, D-branes and open string Wilson lines are incorporated into the 
topological membrane approach. Their vértex operators naturally appear in vacuum 
membrane wavefunctionals when the topologically massive gaugc theory is coupled to 
external sources, and the orbifold relations are carefuUy taken into account. 

• We find the membrane wavefunctionals corresponding to Ishibashi boundary states. 
The Cardy condition, which normally selects the appropriate D-brane states, in the 
three-dimensional case is found to be a compatibility requirement with bulk gauge 
invariance of the boundary state wavefunctionals. 



3 



• In addition to the Cardy map, we find natural dynamical interpretations of the various 
constraints in boundary conformal field theory. For example, locality is a consequence 
of the cross channel duality in the scattering amphtudes of two external charged 
partióles in the bulk. AU of these properties stem from the representation of the 
Verlinde formula in terms of the Hopf linking of charged partióle trajectories. 

• We show that the mass of a D-brane is naturally set by the bulk mass scales of 
the three-dimensional theory, and that it also arises as a dynamical property of the 
topological membrane. 

• We find the membrane wavefunctionals corresponding to string descendent states. 
They are gauge-invariant excited eigenstates of the three-dimensional field theoretic 
Hamiltonian. In particular, the wavefunctionals corresponding to the graviten vértex 
operator are those which are directly responsible for the appearence of the D-brane 
tensión. 

• We acquire a new perspective on open/closed string duality. 
1.3 Outline 

The remainder of this paper is devoted to deriving the results described above, along with 
many other auxilliary descriptions. It naturally falls into three parts which describe, re- 
spectively, in detall how the appropriatc brane vértex operators emerge, what the three- 
dimensional analogs of brane boundary states are, and how the brane tensión manifests 
itsclf in the topological membrane framework. In the rest of this section we shall outline 
the structure of each of these three parts. 

In section 2 we minimally couple external sources to the quantum field theory living in 
the three-dimensional membrane. We study their compatibility with the orbifolds of the 
membrane under its allowed discrete symmetries PT and PCT. The continuity equations for 
the source currents are found to imposc very stringent conditions. Depending on the type of 
orbifold taken, the currents J¿ can be of only two types. For the three-dimensional orbifolds 
taken with respect to the PT symmctry, we find Jj oc diY£, corresponding to Dirichlet 
boundary conditions on the induced open string theory, while for the PCT orbifolds we find 
Ji oc eij d^Y^ corresponding to Neumann boundary conditions. It is shown that the quantity 
Yj) corresponds to a D-brane collectivc coordínate, while Y¡<¡ parametrizes the photon field 
of the open string Wilson line. The D-brane vértex naturally emerges in this framework as 
a boundary term in the induced open string worldsheet action. The analysis of this section 
motivates the conjccturc that one way to include curved backgrounds in this approach, for 
an abelian gauge group of the three-dimensional theory, is through the proper incorporation 
of auxilliary gauge fields as external currents. 
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In section 3 we study, from the point of view of the topological membrane, various 
aspects of boundary conformal field theory and its description in terms of puré three- 
dimensional topological field theory, i.e. the gauge theory with just a Chern-Simons term 
in the action. FoUowing [66,67], we study the correlation functions of Polyakov loop opera- 
tors in the corresponding finite temperature gauge theory. The wavefunctionals describing 
the States of conformal field theory are explicitly constructed, and in particular the ones cor- 
responding to Ishibashi boundary states. The Verhnde diagonalization formula is described 
in a new vein and the constraints defining the fundamental boundary states (corresponding 
to the D-brane and opcn string Wilson line vcrtcx operators) are chosen by compatibility 
with bulk gauge invariance. The Cardy map is obtained by the constraints on the allowed 
charges of the bulk matter fields. 

Finally, in section 4 we derive the D-brane tensión directly from the scales of the topo- 
logical membrane. For this, it is also necessary to introduce on the membrane topologically 
massive gravity along with a coupled scalar field D which induces the string dilaton field in 
two-dimensions. The gravitational sector of the membrane induces two-dimensional quan- 
tum gravity, i.e. a (deformed) Liouville field theory on the string worldsheet, and the string 
coupling constant is determined by the vacuum expectation valué of the scalar field D as 
Qs = (-D^)- Wc derive the effective worldsheet cr-model action including the D-brane col- 
lective coordinates and the open string Wilson lines. We obtain explicitly the Born-Infeld 
action for a wrapped D-brane and relate it to the regularized dimensión of the fuU Hilbert 
space of physical states of the three-dimensional quantum field theory (including excitcd 
states). The latter quantity is also explicitly computcd by cxploiting a careful bulk rcnor- 
malization of the topological graviton mass. By doing so, we also solve the long-standing 
problem of describing excited string states in terms of the topological membrane, and we 
obtain a novel Ímpetus on the worldsheet modular duality between the open and closed 
string sectors of the theory. 

1.4 Note Added 

The work described in this paper and most of the writing of the manuscript were completed 
by June 4 2003, the tragic day on which lan Kogan suddenly and unexpectedly passed away. 
The other two named authors have decided to proceed with submission of the paper as a 
tribute to his memory, as this was a topic very cióse and dear to him. He would have taken 
great pleasure in seeing it finally completed. 
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2 BRANE VERTICES 



In [28] it was remarked for the first time that one could construct coUective coordinates 
for D-branes by minimally coupling external currents to three-dimensional topologically 
massive gauge fields. The purpose of this section is to make this observation explicit and 
construct D-brane vértex operators in detail from the vacuum Schrodinger wavefunctionals 
of topologically massive gauge theory. The basic idea is that the position of the D-brane can 
be changed by the addition to the two-dimensional cr-model action of the boundary operator 
d^x^ givcn by the normal derivative to the boundary of the worldsheet of the opcn string 
embedding field. The operator aid_¡_x^ translates the D-brane by the position vector . 
Moreover, in this framework the string Wilson line is given by the tangcntial derivativo to 
the boundary and corresponds to the operator Aj d^^x^ . The important observation of [28] 
was that these vértex operators can be induced in the three-dimensional setting by the ad- 
dition of bulk matter fields. This agrees with the general ideology of topological membrane 
theory that a change in conformal background, which is dcscribcd in two-dimensional terms 
by a deformed conformal field theory, is dcscribcd in thrcc-dimcnsions by adding charged 
matter in the bulk [19]. Thus the D-brane collectivc coordínate, which controls the back- 
ground, is now itself controlled by the bulk distribution of charged matter. This unifies the 
topological membrane picturcs for all possible backgrounds. As wc will see in the following, 
the D-brane in this picture simply corresponds to charged matter on an orbifold line in 
three dimensions. 

2.1 Hamiltonian Formulation 

We will begin by reviewing and expanding on some of the basic aspects of U (1) topologically 
massive gauge theorics [6-9] that will be required in the following. The gauge theory is 
deñned on a three-dimensional manifold of the form M = E x [0, 1], where the ñnite interval 
[0, 1] parametrizes the time t, and E is a compact orientable Riemann surface whose local 
complex coordinates will be denoted z — {z,z) with integration measure (Pz — \dz Adz\. 
We will adopt Gaussian normal coordinates for the Minkowski three-geometry, in which 
the metric takes the form 

ds^3^ = g^^ dx^ dx"" = -df + hij dx' dx^ . (2.1) 

The three- manifold has two boundaries Eq = E x {0} and Ei = E x {1} at times t — O and 
t — 1, respectively, both of which are copies of E with opposite orientation. 

The action is a sum of Maxwell and Chern-Simons terms for a t/(l) gauge field A with 
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curvature F, 

'S'tmgt[^] 



dt / (í^z 



-9 



k 



[2.2) 



where we have included the minimal coupling of the gauge fields to a conserved current J^, 



d^r = o . 



(2.3) 



It will be convcnicnt to rescale the spatial components of the current by the couphng 
constant 7 such that the continuity equation reads 



in terms of the charge density — p and the current densities 



/ = 27/ . 



(2.4) 



(2.5) 



The bulk Levi-Civita antisymmetric tensor density e^''^ induces the tensor density — e^*-' 
on the boundaries. As has bccn extensively studied in the past [1-5,10-28], the quantum 
field theory defined by (2.2) induces new degrees of freedom on the boundaries which 
constitute chiral gauged WZNW models. They are fields belonging to two-dimensional 
chiral conformal field theories living on Eq and Ei. 

The action (2.2) can be written in a canonical splitting A^ — [Aq, Aí) as 

1 



'TMGT 



[A] 



dt d z 



-9 



27 



FoiF"' 



+^AoJ' + V^Ar\ . 

The canonical momentum conjúgate to A^ is 



47 IGtt Stt 



(2.6) 
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k 

Stt 



^ F^' + iz Aj > 



(2.7) 



while, as usual, the canonical momentum conjúgate to Aq is identically zero. The ñeld Aq 
is therefore non-dynamical and serves as a Lagrange multiplier which imposes the Gauss 
law constraint 



O 



k 



where n-i is a vector normal to the boundary of S. Note that the boundary term in (2.8) 
is only present when the two-dimensional boundary E of the underlying three-manifold 
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itself has a boundary. Of course for a smooth space this term doesn't appear because the 
boundary of a boundary is empty. However, once we quotient the theory by its discrete 
symmetries new boundaries can emerge at orbifold singularities [26-28,61]. This extra 
boundary term is vital for the construction that we will present in the foUowing, because 
it allows for the imposition of the correct boundary conditions on the induced conformal 
field theory Moreover, conformal vértex operators inserted on the boundary are thereby 
included in the fuU three-dimensional theory as external fluxes coupled to the gauge fields 
through the conserved current J^, in accordance with the fact that closed string vértex 
operators correspond to Wilson lines of the three-dimensional gauge theory. We will see 
later on that the external charges actually allow one to introduce collective coordinates 
of D-branes. It is also this mechanism that constrains the open string gauge group and 
therefore the Chan- Patón degrees of freedom [68-70] . 

The Hamiltonian of the field theory is given by 



H 



1 



k 



87r 



A. 



+ ^e'^diAj + y/hp 



+ 



7 , 
2Vh 



8-fVh 

- — e^*^ A 
87r 



(2.9) 



— e^' Al 
8tt 



2Vh-fA,f 



By defining the electric and magnetic fields as 



_1 poi 



B 



7 

dzA-~ d^A, 



(2.10) 



the bulk and boundary Gauss law constraints in (2.8) read 

k 



diE' + ^ -p in E , 



E' 



= -t — A-^ 



on 812 . 



(2.11) 



Here we denote components of fields normal and tangential to the worldsheet boundary 
by the scripts ± and ||, respectively, and we use the metric conventions that raised and 
lowered Índices at correspond to the interchanges -L<->||. In the quantum field theory, 
the canonical commutation relations can be written as 



E\z),E^{z') 
E\z) , S(z') 



_¿ Ae*j ¿(2)(z_z') 
47r 

-ie^^'9/(2)(z_z') ^ 



(2.12) 



and the constraints (2.11) lead to an equation that needs to be satisfied by the physical 
(gauge invariant) states. We will use these equations when we construct the wavefunctions 
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of the quantum field theory. Note that the Aq dependent terms in (2.9) vanish when the 
Hamiltonian operator acts on such states. 

The generators of time-independent local gauge transformations can be easily defined, 
for smooth real-valued gauge parameter functions A, as [18] 



C/a = exp |i J (fz v^A(z) (^diE' + ¿ ^ + | ■ (2-13) 



For consistency with the boundary Gauss law in (2.11), the normal derivative of the gauge 
parameter function in (2.13) must obey Neumann boundary conditions at the boundary 
9E, i.e. dj^A — 0. The physical Hilbert space consists of those quantum states which are 
invariant under the actions of the operators (2.13). In addition, when there are topologically 
non-trivial gauge field configurations, we must take into account the large gauge transfor- 
mations of the theory. They are generated by the operators (2.13) obtained by taking A — 9 
to be the multi-valued angle function of the Riemann surface E. Then integrating by parts 
in (2.13) yields the extra local operator [71-74] 



V{zo) = exp l~^J d"^^ 



s 



+ I In E{z, Zq) - Vh 9{z, Zq) p 



47r 

(2.14) 

where we have dropped the boundary term using the Gauss law (2.11) on 9E. Here E{z, zq) 
is the prime form of E, zq is a fixed point on E, and 

e(z, Zo) = Im In , ^^^'^'^ , (2.15) 
^ ' °^ E(z,z')^(z',Zo) ^ ^ 

with z' an arbitrary ñxed reference point. Demanding invariance under these operators, 
i.e. under large gauge transformations, further truncates the physical Hilbert space of the 
quantum field theory. 

Prom the commutation relations (2.12) we can compute the commutator 

S(z) , \^"(zo)j =27rnA//¡l/"(zo)¿(^Hz-zo) (2.16) 

for any integer n. This mcans that the operator \/"(zo) creates a pointlikc magnetic vortex 
at Zo with magnetic flux cPz ^/h B = 27m. Thcsc objccts thcrcby genérate nonperturba- 
tivc processes which constitutc monopoles of the gauge theory. Moreover, from Gauss' law 
(2.11) we see that they also carry a bulk electric charge 

AQ = -^. (2.17) 

The electric charge spectrum of the quantum field theory is [18] 

k 

Qm,n^rn+-n, (2.18) 
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where m and n are integers representing, respectively, the contributions from the usual 
Dirac charge quantization and the monopole flux. Due to the existence of monopole induced 
processes and hnkings between Wilson hnes (charge trajectories) it can be shown [25] that, 
with the correct relative boundary conditions, the insertion of the charge Qm,n one 
boundary Eq (corresponding to a vértex operator insertion in the boundary conformal fleld 
theory) necessitates an insertion of the charge 

k 

Qm,n = m--n (2.19) 

at the other boundary Ei. This fact will be assumed throughout the rest of this paper. 

Let US now turn to the quantization of the topologically massive gauge theory in the func- 
tional Schrodinger picture, whereby the physical states are the wavefunctionals ^P'^^^fA;,;]. 
By using the canonical quantum commutators (2.12) and the representation 

ir^-t^/h-^, (2.20) 

we impose the Gauss laws (2.11) as constraint equations on the wavefunctionals. By assum- 
ing a well-defined decomposition of all fields into independent bulk and boundary degrees 
of freedom in what foUows, we may then factorize the physical states as 

*^'^1^;i]=x[^"] ^[A,Ar,f,f] . (2.21) 

For closed surfaces where 9E = 0, we take x = 1. But for a generic surface the functional 
X solves the functional boundary Gauss law constraint in (2.11), 

-i ¿X [^'1 ] = O . (2.22) 
The bulk gauge constraint in (2.11) reads 



Stt ) \ 5A, Stt 

k 



^[A,,Ar,f,f] = O, (2.23) 



where the two-dimensional antisymmetric tensor e is induced from the bulk by e'^ = 
¡yf—Q- By applying the Hamiltonian (2.9) to the physical wavefunctions (2.21) in this 
polarization, we find that the stationary states satisfy the functional Schrodinger equation 



2 \ bA^ Stt V V ¿A Stt 



^^(^e'^-^F,-:)' -^A,3'-^A-,2-^^{A,,A-,-3\3'\ = S ^ [A,, A^, f , f] 

(2.24) 

whcrc S is the cncrgy of the statc and wc havc appropriately normal ordcrcd the Hamil- 
tonian density (This latter point is elucidated in section 4). Since the gauge constraint 
commutes with the Hamiltonian, these last two equations can be consistently solved. 
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2.2 Neutral Wavefunctionals 



To establish the pertinent propertics of the general solutions to (2.23) and (2.24), we will 
first briefly recall the solution in the absence of external currents [28] and derive its extensión 
to surfaces with boundary. Because of the appearence of the magnetic field in (2.13), in 
topologically massive gauge theory the physical states are not gauge invariant. Instead, by 
integrating the infinitesimal gauge constraint (2.23) one finds that the gauge symmetry is 
represented projectively on wavefunctionals as 



(2.25) 



where the pro j active phase is given by the Polyakov-Wiegmann one-cocycle of the U{1) Lie 
algebra as 

a[Ai,A] = ^ J (fz AidjK . (2.26) 
s 

To sepárate out the gauge invariant part, one integrates the corresponding cocycle condition 

a[A,A + A'] =a[Ai + diK,M]+a[Ai,K] (2.27) 



to get 



n^.^ArA = exp { / (fz y/he^^A^A^ \ ^[A,] ^B] , 



(2.28) 



where B is the magnetic field. The exponential prefactor in (2.28) is the Káhler potential 
measure which is required in the holomorphic representation and which compensates the 
appropriate boundary conditions. 

The factor ^[B] is the gauge-invariant solution of Gauss' law for the puré Maxwell 
theory (k — 0), 

Ta a " 

$ = O . (2.29) 



6A^ ' SA, 

If the fields have non-trivial magnetic charge (Pz y/hB ^ O, then the wavefunction ^[B] 
vanishes [75]. When = 0, this result is simply the statement that there is overall charge 
conservation on the closed surface S. However, locally non-zero magnetic field distributions 
are still possible. The component í/'[v4^] solves the gauge constraint of puré Chern-Simons 
theory (7 — > 00), 



ik 



SA^ 47r 



Íj[A,] = O . 



(2.30) 



In this section we will only be interested in the ground state of the field theory (Excited 
states will be described later on in section 4). This corresponds to a projection onto the 
lowest Landau level of the quantum spectrum, which is attained in the topological limit 
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7 — > oo (The mass gap between Landau levéis is proportional to 7). In this case, ^ — 1 
and we recover the wavefunctions of puré Chern-Simons gauge theory. These solutions 
correspond to configurations with weak magnetic field, e^^ F^-^ ~ 0. The stationary states 
are then the eigenfunctions of the first term on the left-hand side of (2.24). In particular, 
the vacuum state {£ — 0) is determined by the zero mode equation 



S _ k ' 



(2.31) 



where we have ñxed a complcx structurc on S determined by the worldsheet metric whereby 
e^^ = i (In complex Euclidean space the antisymmetric tensor is purely imaginary). Fur- 
thermore, by using (2.30) and (2.28) with $ = 1, one finds that it obeys the gauge constraint 



k 

+ — chA, - 



k 



5A^ ' Stt^" ' 47r 



^[A„A^;0] = . 



(2.32) 



A solution of (2.31) and (2.32), which is compatible with the gauged WZNW construc- 
tion for an abelian gauge group, is given by a path integral over an auxilliary, dimensionless 
worldsheet scalar field tp as 



*[A,A;0]- j[Dip] exp| A j ¿2^ [A^A,-2A^d,ip + d^dM 



(2.33) 



When the worldsheet E has a boundary, there is a correction to the projective phase (2.26) 
given by 

a JA, A] = -¿ / é^di{KAj) j¡AA\\ . (2.34) 

S dT, 

Then the functional x ] is also given in terms of the auxilliary scalar field </7^, = '/'las, 
the restriction of cp to the boundary of the worldsheet E, by 



X[A^= I [D^^] exp^- ^v^b^'i 



(2.35) 



as 



The fuU wavefunction (2.21) is thereby given as 



A\\ 



*P'^y^[A,A;0] = J [Dif] exp| ^ J (fz {A^A,-2A^d,ip + d^ipd,ip) + ^if^ 

l Ls as _ . 

(2.36) 

Under a gauge transformation A^ — > A^ + d^A, this wavefunctional twisted by the U{1) one- 
cocycle is indeed invariant after the field redefinition ¡f ^ (f + A. The wavefuntional (2.33) 
together with the cocycle (2.26) is invariant up to a boundary term (p^ d^^A [27,28]. By 
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adding this factor together with the correction (2.34) to the cocycle phase we find that the 
argument of the wavefuntional (2.35) transforms to (í/?^ — A) A", and the change can be 
removed by the shift (/?—>(/? + A. 

In these expressions the functional integration measure is assumed to factorize over the 
bulk and boundary degrees of freedom of </? on E, and is defined by 




(2.37) 



with A-E — J-^d^z \fh the área of E. The factors in the integration measure (2.37) remove 
the zero modes of the field kp on the Riemann surface E, which is required for a well-defined 
functional integral because, by charge conservation on a compact space, the exponential in 
(2.33) is independent of them. Here 0q = 1/ \J Ay, is the normalized zero mode eigenfunction 
of the scalar Laplace operator on E, and the delta-function in (2.37), whose argument 
is the coefRcient of 0q in an arbitrary field configuration v'(z), projects out the zero mode 
integration from the bulk measure Hzes'^V'í^)- '^^^ worldsheet área factor is includcd to 
make the overall combination dimensionless. A more convenient way to use this measure is 
to change variables from to its worldsheet derivatives and compute the Jacobian to get 

zes a;eas 
where the prime on the determinant means that zero-modes are excluded in its evaluation. 

2.3 Boundary Conditions 

In [28] it was demonstrated that the wavefunctions (2.33) are the building blocks oí the 
boundary thcorics, in that by inscrting such statcs on the boundarics thcy act as boundary 
conditions and effectively select the boundary world. The fields introduce new propagat- 
ing degrees of freedom on the boundaries which are absolutely necessary for the consistency 
of the fuU three-dimensional theory (on a manifold with boundary) as a well-defined gauge 
theory. In other words, the requirement of gauge invariance induces new scalar fields (p 
on the two-dimensional boundaries whose dynamics are governed by chiral, gauged U{1) 
WZNW conformal quantum field theories which have partition function given by the path 
integral in (2.33). 

However, once onc introduces cxtcrnal sourccs into the quantum field theory it is not 
generally possible to obtain a WZNW model on the boundaries. In terms of the boundary 
wavefunctions this means that we no longer have purely holomorphic or antiholomorphic 
functionals, and the nice holomorphic factorization property of the quantum field theory 
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is lost. In the case at hand, this problem may be avoided by bearing in mind that we 
will eventually orbifold the field theory and identify holomorphic and anti-holomorphic 
degrees of freedom in boundary operators which are described through insertions of external 
currents. To this end, we assume that in the chiral sector of the worldsheet field theory 
only the anti-holomorphic current component is non-vanishing, while in the anti-chiral 
sector only holomorphic components remain, i.e. we take the boundary conditions 



J 



O . (2.39) 



These conditions are absolutely essential, because the presence of a holomorphic source in 
the chiral boundary sector would couple extra anti-holomorphic components of the gauge 
field and henee drastically alter the nature of the degrees of freedom which live there. We 
will also assume that the electric charge distribution decomposes into holomorphic and 
anti-holomorphic components as the curl of a vector field Yi, 



p = 1 diYj = i d,Y' - i d^Y' . (2.40) 



As for the spatial components of the current, one imposes the conditions 



Y' 



= O , y' 

So 



o . (2.41) 



Let US stress at this stage that in order to orbifold the theory later on we shall have to 
extend the wavefunctions to the fuU, three-dimensional bulk manifold E x [0, 1], as in [28]. 
In the bulk theory the holomorphic and anti-holomorphic degrees of freedom will mix at 
each time slice. Moreover, in the absence of spatial currents the imposition of the Gauss law 
is enough to extract the complete ground state wavefunctional. In the present situation one 
has to be more careful because the presence of spatial currents f does not alter the gauge 
constraint in (2.23). In order to propcrly implement our program we must construct a family 
of distinct Hamiltonian operators Hf and infinitesimal gauge transformation generators Gt 
which vary along the time slices t G [0, 1] of the quantum field theory. The corresponding 
vacuum states at different times obey different Schrodinger equations and Gauss laws 
given by 

Ht<í/t = Qt^t - O . (2.42) 

This will be carried out explicitly later on in this section. 

In particular, for the boundary theories with wavefunctions í'o ^-nd í'i we have the 
operators 
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6A-, 



H ^2 



+ 5, 



Stt ^ 



H ^3 

Stt ^ 



S k , 
^ A. 



k 



47r 



, (2.44) 



(2.45) 



(2.46) 



where, as in the previous subsection, we have fixed an appropriate complex structure on 
the worldshect S and takcn the topological limit. We have also substituted in (2.40) and 
imposed the boundary conditions (2.39) and (2.41). The overall changes in sign between 
the time í = O and t = 1 operators are due to the reversal of the orientations between the 
initial and final worldsheets Sq and Si. The solutions of the four corresponding equations 
(2.42) will then work as functional boundary conditions for the bulk wavefunctionals *t 
and thereby constrain the dynamics of the bulk quantum field theory. 



2.4 Charged Wavefunctionals 

We will now carry out in detall the computation of the new wavefunctionals for the bound- 
aries Eq and Ei in the presence of the external sources. By using (2.43) the Schrodinger 
equation in (2.42) at í = O reads explicitly 

So 

FoUowing the analysis of section 2.2, we seek a functional solution of the equation (2.47) 
similar to (2.33) through the ansatz 

í^o [A,:A^;f] = J [D<p] e^^o[<^.^-^-^"] , (2.48) 



where 



Io[ip,A„A^;j'] = -i j £z ^A^A, + riiA,f - {^^A^ + ri2f -Y'^ d,ip 



So 

Stt 



(2.49) 



The unknown parameters rji and r)2 oí this ansatz will be found by imposing (2.47) along 
with gauge invariance. 

The terms in (2.49) involving the vector field y arise as foUows. In the bulk field theory, 
the minimal coupling term of the action (2.2) transforms, after an integration by parts over 
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time, under bulk gauge transformations as 



J dt J (Al, + 9^A) J'^ = y" di y" £z A^J^" +\ j - j \(fz Kp. (2.50) 

os o So Isi So J 

If we add the field —i^p p to the Lagrangian of (2.33), then the inhomogeneous term in (2.50) 
can be absorbed by shifting the scalar field </? —></? + A, and the fuU partition function of the 
topologically massive gauge theory is thereby gauge invariant [28] . Indeed, this modification 
of the wavefunctional (2.33) solves the Gauss law (2.23) with sources. Upon substituting 
in the parameterization (2.40) for the charge density and integrating by parts over the 
worldsheet Eq, we arrive at the F-field dependent terms in (2.49). 

Let US now compute the action of the Hamiltonian operator (2.43) on the wavefunction 
(2.48). An easy calculation gives 



So 



5 k 

8^^ 



f - 7 A^f 



'kr]i 



X 



7 



87r 



^]A.f-^-^fd.^ 



(2.51) 



The second term of the sccond equality in (2.51) vanishes because we can write the func- 
tional integration measure as in (2.38) and shift the new intcgration variable 

87r 



d^<p + + y (^2 f - Y') (2.52) 

to write (2.49) as a quadratic form in dzífdzP, while leaving both the integration mea- 
sure and pre-exponential factors in (2.51) unchanged. The resulting functional Gaussian 
integration then clearly vanishes. If we now set 

87r 



Vi = 



k ' 



(2.53) 



then the first term also vanishes and we indeed obtain a ground state solution to (2.47). 

To fix the remaining constant 772 in (2.49), we will compute the Gauss law constraint 
using (2.44). Another simple calculation gives 



go{z)<í/o[A,,A^;f] = -iJiDip] 



— F,-,{z)-d,Y\z) 



^iIo{ip,A:„A-^;j''] 



-5,a.^(z)--F.,(z)+z^ 



JIo[ip,A^,A^;j'^] 



(2.54) 
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The third term in the second equality vanishes via an integration by parts in </? space. The 
last term vanishes if we take 

?7i = 772 . (2.55) 

The remaining terms may be ehminated for smooth field configurations by writing the 
derivative terms in </? as d^d^^p + dz&z^ and then shifting d^^ and by —A^, and Az, 
respectively. This ehminates the local magnetic flux term in (2.54). Then, as was done in 
(2.51), the remaining functional integráis vanish from shifting derivatives of </? analogously 
to (2.52) to obtain quadratic forms in (2.49). This is consistent with the integrated form 
of (2.54), which reads 



j dhgo^o[Az,Az;f] = -zy"[D<^] e*^»[^'^-^-^"l 



So 



X 

So 



J d^z dz 



^Az + mf-Y'-—dzip]-—Fzz 
47r " ' 47r 



(2.56) 



As discussed in section 2.2, the total magnetic flux on Eq must vanish, and henee so does 
the last term in (2.56). The remaining terms may then be absorbed into an appropriate 
shift of dz'P analogous to (2.52), which leaves a quadratic form in (2.49) proportional to 
dz(pdz(fi only if (2.55) holds. As in (2.51), the corresponding functional Gaussian integral 
in the measure (2.38) then vanishes. Therefore, for the parametric valúes (2.53) and (2.55), 
the wavefunction (2.48) is a physical ground state of the topologically massive gauge theory. 

The equality (2.55) is not at all surprising, since it is required to absorb the gauge trans- 
form Ai — > Ai + diA in (2.49) through the shift (/?—>(/? + A [28]. Let us also remark that the 
assumption that there are no singular (f-ñeld conflgurations in the bulk is natural because 
singularities or discontinuities would account for external sources which are responsible for 
creating additional flux, and would therefore be present in the Gauss law a priori. Such 
fluxes will be present only at the orbifold point on the boundary of the string worldsheet. In 
other words, they will corrcspond to insertions of vértex operators in the induced boundary 
conformal field theory. This aspect will be developed in detall in the next section. 

To summarize, the fuU physical wavefunction (2.21) corresponding to the initial bound- 
ary surface Eq is given by 

Iso 

X J[D^] expjA Jd'z (^d^-2A^-^f+^Y^^dzA • 



So 



(2.57) 
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A completely analogous calculation for the final boundary Ei using (2.45) and (2.46) gives 



l Si 

(2.58) 

This is actually not tlic cnd of the story, because and are in fact related through thc 
continuity equation (2.4) if one demands PT or PCT invariance of the three-dimensional 
quantum field theory. These symmetries are related to the two possible types of orbifolds 
of the topological membrane, as has been extensively studied in [26-28] and which will be 
our focal point for the remainder of this section. 

In the presence of a non-empty boundary 9S the wavefunctions are given by (2.21) with 
^Phys [^._^-] _ j 1^ j^^ J^yll _ ^11^ I ^^IWA.,AT■,j^f^ _ (2.59) 

In the topological membrane picture, the surfaces Eq and Ei are already the two-dimensional 
boundaries of the three-dimensional manifold M = E x [0, 1], and thus they cannot have 
a boundary. Only after an appropriate orbifold operation such as those in [26-28] can we 
obtain a surface with boundary at the orbifold fixed point í = 1/2 in time. Therefore, the 
extra boundary factor in (2.59) will only be present at that specific point. 



2.5 Orbifold Relations 

We will now describe the orbifolds of the topological membrane obtained by gauging the dis- 
crete symmetries of topologically massive gauge theory. In this paper we will only consider 
worldsheet orbifolds that give rise to oriented surfaces. We are interested in constructing 
open (oriented) Riemann surfaces E° as the Z2-quotients E° = E/Z2 of a closed worldsheet 
E (the Schottky double of E°) by an anti-conformal involution o" : E ^ E whose fixed points 
correspond to the boundary points of E°. Given E°, the Schottky double is constructed as 
the quotient space E = (E° x {0, 1})/ ~ with respect to the equivalence relation ~ defined 
by {x, 0) ~ {x, 1) if and only if x e 9E°. 

We shall combine the involution a with time-reversal in the bulk, so that the open 
worldsheet E° may be regarded from the topological membrane perspective as the connect- 
ing three-manifold M/Z2 = (E x [0, 1])/Z2 (fig. 1). Due to the presence of both Maxwell 
and Chern-Simons terms in the action (2.2), the only combinations of discrete spacetime 
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symmetries in this context which are compatible with the three-dimenisonal action are the 
PT and PCT automorphisms of the gauge theory [26]. The roles of the time reversal oper- 
ation T : í I— > 1 — í on the geometry Ex [0, 1] are to créate a single new boundary surface 
El/2 at the T orbifold fixed point í = 1/2, and also to identify the initial and final surfaces 
Eq = El. The open worldsheet E° is then obtained by quotienting E1/2 by the discrete Z2 
symmetries generated by P and PC in two dimensions, and its boundary is situated at the 
branch point locus — 0. 




Figure 1: Orbifold of the topological membrane. The worldsheet S1/2 only feels the discrete 
symmetries PC and P which each genérate the cyclic group Z2, whose action yields the open string 
worldsheet S° = £1/2/^2- 



The topological degrees of freedom of the membrane are reduced by the orbifold op- 
erations in the foUowing way. The real homology group iíi(E,R) = R^^ of the closed 
genus g Riemann surface E is generated as a vector space by canonical homology cy- 
cles ae,P^, £ — l,...,g which have intersection pairings ae fl a^i ~ O P^' — O and 
a¿ n /3^' — —P^' f] ae = 5f . The intersection form makes iíi(S,M) into a real symplectic 
vector space. The orientat ion-re ver sing homeomorphism cr : E ^ E induces an involutive 
isomorphism cr* : ií'i(E,]R) ií'i(E,M) which gives the homology group a Z2-grading as 

iíi(E,R) = £+(E) ©£_(E) , (2.60) 

where >C±(S) are Lagrangian subspaces of /Ji(S,R), i.e. subspaces of maximal dimensión 
on which the intersection form vanishes, defined as the ±1 eigenspaces of o"*, (t^C±{'E) — 
±£±(S). We will identify iJi(S°,M) = £_(S). This is the canonical cholee for the real 
homology group of the open worldsheet E° in the following sense [63]. Let M^o be the 
"solid donut" obtained by filhng in the Shottky double of S°, i.e. M^o = (S° x [0, 1])/ ~, 
where {x,t) ~ {x,l — t) Vi G [0, 1] if and only if a; G 9S°. Then SM^o = S, and the 
canonical inclusión t : dMj^o ^ M^o induces a homomorphism : iíi(S, R) — >■ iíi(Mso, R) 
with kernel 

ker(z,) = /:_(E) . (2.61) 
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In other words, the Lagrangian subspace L- (E) consists of those homology cycles of E which 
are contractible in M^o. Prom the point of view of the membrane geometry M = E x [0, 1], 
the canonical inclusión j of diMj'L-i) = E 11 E° into Mj'L^ induces a homomorphism into 
the Z2-equivariant homology of the topological membrane as 

/í'i(S, R) © £_(S) El^ f E X [0, 1] , m) . (2.62) 



Here and in the foUowing we will choose local complex coordinates at the orbifold line 
X"*" = O which are defined such that z = ^ ix^ and 1 = x^^ — ix^ (and similarly for 
the vector ficlds). This cholee is a matter of convention in the definition of the parity 
operator P. For example, in the case of the sphcrc S = represented stereographically 
as the complex plañe, with thcse conventions the boundary of the disk E° = obtained 
by orbifolding the sphere is the real axis [26]. In the remaindcr of this subsection we will 
summarize the orbifold transformation rules derived in [26, 28] that we will require in the 
foUowing. 

For the PT symmetry the field transformation rules are given by 



PT 



A 

A. 
B 

Qm,n 



-A 

-ip 

Ao 

Al. 

A^ 

^^E 

B 



(2.63) 



The orbifold obtained from the quotient under this symmetry corrcsponds to Dirichlet 
boundary conditions on the string fields which restricts the charge spectrum to only winding 
modes 

Qo,r. 

Under the PCT symmetry the ficlds transform as 

PCT : A I — 



kn 

T 



(2.64) 



Ao 

Al. 

All 
A, 

B 

Qm.n 



A 

-Ao 
-Al. 

A\\ 
-A^ 
-diE 
-B 

Qm,n ■ 



(2.65) 
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The orbifold obtained from the quotient under this symmetry corresponds to Neumann 
boundary conditions on the string fields which restricts the charge spectrum to only Kaluza- 
Klein modes 

Qm,o = rn . (2.66) 

Note that T-duahty in this setting is just the interchange of the PT and PCT orbifolds in 
three-dimensions . 

From what we have just described it follows that the orbifold construction is compatible 
with the constraints on the external current as long as p|so = ~p|si, which is consistent 
with (2.40) and (2.41). The transformations for the current components are given by 

PT : f I — > f 

i ~_ (2.67) 



and 

PCT : f I — > -2 



Of course, these transformations are expected since the current components should trans- 
form as vectors under the discrete symmetry operations. We can now use these orbifold 
relations to systematically construct the Schrodinger wavefunctionals corresponding to the 
open surface E° from those derived in section 2.4. 

Note that at the boundary the scalar ñeld </7^ is not a priori constrained by the 
orbifold relations, and it has free boundary conditions. It is only after integrating out the 
gauge ñeld degrees of freedom that we obtain boundary conditions for it [28] . We will derive 
this fact in the presence of external currents, along with the appropriate extensions of the 
wavefunctionals to 9E, in section 2.7. 

2.6 The Continuity Equation 

Following [27, 28] we will now derive the extensión of the wavefunctionals computed above 
to the entire bulk three-manifold S x [0,1]. For this, we consider two time-dependent 
functions fo{t) and /i(í) which obey the boundary conditions 

/o(o) = - MI) = -1 , 

/o(i) = m = o . ^'-''^ 

In addition, to ensure compatibility bctwccn gauge invariance and the orbifold constructions 
described above, we must also require that these functions be related by [26,28] 

/o(l-í) = -/i(í), 
/o(l/2) = -/i(l/2) = 1 . (2.70) 
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Then any integral over the boundaries Eq and Ei of the three-manifold can be extended to 
the bulk as 

1 

d^z X, + j d^z Xo = Jdt j d^z dt (/i Xi - /o Xo) , (2.71) 

El So OS 

where Xq and Xi stand for any combinations of the fields at the worldsheet boundaries Eq 
and El, respectively. 

Within this simple framework one can now evalúate the worldsheet integral at any fixed 
time slice E^ = E x {r}, r G [0, 1] by splitting the covering cylinder E x [0, 1] over E into 
two pieces, corresponding to the time intervals t e [0,t] and t e (r, 1], such that one has 

j d'z X,^ j d'z (/i(t) X, - /o(t) Xo) , (2.72) 

St- s 

where X^, r e [0, 1] is a one-parameter family of fields defined on the time shces E,-. Of 
course, for this we need to know the precise dependences of fo{t) and /i(í) as functions of 
the time coordínate t. In [28] this problem was not addressed, since for the considerations 
there it sufñced to know their valúes solely at the orbifold point í = 1/2. In this subsection 
we will use the continuity equation (2.4) for the external currents to derive diíferential 
equations for these functions. 

For the stationary states of the topologically massive gauge theory, we assume that the 
components j^, and p are all time-independent fields. Then, according to the framework 
just described, the original currents which appear in the action (2.2) are given by the 
expressions 

J° = dt{Fopo + F^p,) , 

= 2^dt{Fof) , (2.73) 

where the functions Fr, t — 0,1 are defined by 

t 

F,(í) = J dt' U{t') , (2.74) 

l-T 

and we have allowed two different but fixed charge distributions Pt to live on the two 
boundaries at r = 0, 1. Then the sources indeed do reduce to the desired ones on the 
boundary surfaces, which we summarize as 



J° = -Po ^° = Pi 



= -27 f = O . 



Si 

(2.75) 
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The continuity equation (2.4) thereby becomes 

- d, (/o po + /i Pi) = /o d,f - h ■ (2.76) 

7 

We can split this equation into two independent differential equations 

7 



dtfo = -(/o + Co)Ao , A, 



o 



Po 



dtfi = -(/i + ci)Ai, Al = (2.77) 

Pi 

along with a single constraint which couples them through 

coAo + ciAi = O . (2.78) 

The source parameters and A^ (r = 0, 1) are constant in time. In this way we obtain the 
exphcit Solutions 

A(í) = -c, + 4 e-^^*. (2.79) 

The parameters A,-, Cr and (r = 0, 1) of this solution can be unambiguously fixed once 
we place appiopriate orbifold conditions on the field theory. 

For this, we note that compatibility with the orbifold identifications rcquires that the 
two sets of charge densities be related through po = —pi- We further need to consider 
two sets of functions fr and fr defined respectively on the two branches t G [0, 1/2] and 
t e (1/2, 1]. By setting í = O, 1 and 1/2 in (2.79) and using (2.69) and (2.70), we arrive at 
the boundary conditions 

—Cr + c'^ = Í — 'T, 
1 

(2.80) 



-c^ + c; e'^^'^ = - - T 



, -Ar/2 _ 

2 
1 



-Cr + c; e = Tí - T , 



-Cr + e = -T . 



These equations admit a unique solution in terms of the A's. The constraint (2.78) which 
couples the two differential equations can be solved by noting the relations (2.75) between 
the sources on the various boundary surfaces, which imply 



Po 



Pi 



(2.81) 

Si-t 



This is in fact a global constraint which holds on the entire covcring cylinder S x [0, 1], 
since the variation along the thrcc-manifold is accounted for by the temporal functions which 
solve the continuity equation above. It follows that Aq = Ai and the required constraint 
(2.78) is satisfied by the solution of (2.80). The quantities (2.81) are dimensionless, and 
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as such determine an integration constant. We will fix this last arbitrary parameter to the 
Chern-Simons coupling /c/Stt, as it is the natural expansión coefficient of the model. This 
choice will conveniently simplify things in the foUowing. 

By repcatcdly applying the functional relation (2.70) we thereby finally arrive at the 
fuU solution 

Mt) = -co + (co + 1) e -'^'/'^ , te [0, 1/2] , 

Mt) = -^ + /o(í-l/2) , íe (1/2,1], ^^^^^ 

fi{t) = ^-/o(3/2-í) , íe[0,l/2]. 



where 



hit) = -/o(2-í) , íe (1/2,1] 

1/2 



= - 1 , J-./ie. • (2-83) 
In addition, from the constraints (2.81) wc can deduce an important relation. Namely, 
under the orbifold involution, the currents f and the charge distribution vector fields 
are related in a very simple way through 

/=¿^'- ^'=¿^'- P.84) 

This relationship will drastically simplify the form of the Schrodinger wavefunctionals for 
the orbifolded gauge theory, whose computation we come to next. 



2.7 The Orbifold Partition Function 

We can now finally demónstrate the cxplicit appcarcncc of the D-branc vértex opcrator in 
the induced two-dimensional conformal field theory. We will assumc that the initial (and 
final) Riemann surface S is closcd, = 0, and denote its gcnus by g. The partition 
function for the topological mcmbranc, i.e. for topologically massivc gauge theory on the 
three-geometry M = E x [0, 1], is given by the overlap between the initial and final states 
(2.57) and (2.58) as [28] 

Z"^ = *o) = J [DA, DA^] e^^™°-[^l *í [A,,Ar,f] *o [A,,Ar,f] , (2.85) 

where the functional integral is taken with an appropriately dcfincd gauge-fixed integration 
measure. To explicitly evalúate (2.85), one decomposes the gauge field A^ according to a 
representative of its gauge orbit as 

A = A + diK , (2.86) 

where A^ is the gauge-fixed field and A is an arbitrary real-valued gauge parameter function. 
The corresponding change of measure is determined by the relation (2.38). For S closed 
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and — O, by construction the integrand of (2.85) is independent of the gauge parameter 
A, and one finds that the path integral factorizes as 



^bulk 



(2.87) 



where 2'buik comes from integrating out the bulk parts of the gauge fields A¿ and involves only 
the topologically massive gauge theory action ¿"xMCxf^], while contains only boundary 
degrees of freedoms of the fields and coincides with the partition function of the usual fuU 
(non-chiral) gauged c = 1 WZNW model defined on the closed string worldsheet S. It 
is in this way that the closed string sector is reproduced from the bulk dynamics of the 
topological membrane. In what foUows we will normalize the fuU partition function by 
setting Zbuik = 1- 

We will now transform the vacuum amplitude (2.85) into the appropriate partition 
function for the orbifold cr-model on E°. For this, we extend the wavefunctionals (2.57) 
and (2.58) to the full covering cylinder over E by using the prescriptions of the previous 
subsection to express it in the form 



, íStmgtI^] 



X exp < — 
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By using the orbifold identiñeations of the ñelds described in section 2.5, the explicit time 
dependences of the continuity equation solutions of the previous subsection, and the re- 
lationship (2.84), we find that the currents completely drop out of the wavefunctionals 
giving the orbifold amplitude 



(*i/2|*oU 
[DA, DA-^] e^^^T-SoxI^l ^-b 



Az, Az ; Y^ , Y^, Y 



orb 



Az, Az ; Y^ 



(2.89) 



where the orbifold wavefunction on the initial closed surface Eq = Ei is given by 



orb 



Az,Ar,Y^\ = exp<( I d-'z [^A^ + Y^]Az 



X J [D^] exp I ^ j d^z {dz^ - 2Az) , 



(2.90) 
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while the wavefunctional at the orbifold fixed point t — 1/2 corresponding to the open 
surface E1/2/Z2 = E° is 



^orb 

^1/2 




t í,^ . I f / y II _ A ^11 

Stt 




AAd^-^-^Y^]-AJd,^-^-^Y^ ] V .(2.91) 




A; y ^ V^'^ k 



Here 5'5'MQrp[A] is the topologically massive gauge theory action (2.2) for the orbifold 
of the three-dimensional theory. with the identification 2S'^'JjQrp[A°'''^ ] = ¿"tmctÍ^] and A 
the extensión of the gauge field A™'*^ from (S x [0, 1])/Zi2 to the covering cyhnder. Analo- 
gous relations hold for the other actions, and for brevity we omit the orbifold superscript 
on all fields. The structure of the wavefunctionals (2.90) and (2.91) shows the physical 
significance of the specific solutions to the continuity equations that we obtained in the 
previous subsection. Namely, we can remove the external currents from the bulk by the 
shifts d^i^ + 87rY^/k and d^^p d^^p + 87: Y^/k. In the language of the induced 

conformal field theory, this means that the changa of conformal background is determinad 
solely by boundary daformations, as we hope to find in the end. 

We can now use the decomposition (2.86) to compute the conformal ñeld theory partition 
function Zj]o for the induced open string WZNW model on the worldsheet S°. After gauge- 
fixing, the Hodge decomposition on the cover S of the gauge field one-form (2.86) is given 
by [28] 

A' = d + dji , (2.92) 

where a¿ ara the harmonic degrees of freedom, with quantized periods in ií'^(E,Z) ^ 7?^, 
and ^ is a real, compact scalar field on E. The exact term which usually appears in a Hodge 
decomposition has been set to O here by an appropriate gauge cholee [28]. We will also use 
a Hodge decomposition for the external currents of the form 

Y'^^(d'Yr, + e''djY^^ , (2.93) 

whara again Id and In ara real compact fields. As the currents are local operators, there 
are no harmonic degrees of freedom present in this decomposition. While they do change 
the topology of the worldsheet since a local insertion adds a new boundary to the surface, 
it is a local deformation only and not a global correction to the topology [76] . 

For convenience, let us now list the orbifold relations for the various fields appearing in 
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these decompositions. They are given by 



PT : tty I — > a- PCT : i — > —a- 



Id ^ Id ^ -Fd 

(2.94) 

Defining complex fields in terms of their components tangent and transverse to the world- 
sheet boundary as — X\\ + iX^, X^ — — iX^, we obtain for the PT orbifold of 
the topologically massive gauge theory the boundary conditions a-*- = ^ = 1n = O on 9E°, 
while a" and Id are arbitrary. For the PCT orbifold we have a-^ — a^^ — — O with 
arbitrary ^ and on dT,°. The reason why a-*- = O at the boundary for both orbifolds is 
due to the fact that o"*" encodes the harmonio degrees of freedom, which depend only on 
the homology of the Riemann surface E. When approaching a boundary, cannot have a 
component normal to it since this would constitute a local singularity, i.e. the failure of a 
canonical homology cycle of E to be closcd. This is basically the same argument as to why 
there is no harmonio component in the Hodge decomposition of the current in (2.93). Note 
also that for the PCT orbifold 9"^ = at the boundary, because A-^ — a-^ — id^^^ from the 
decomposition (2.92) and for this orbifold ^"""jaso = 0. 

Because of the remarks just made, the calculation of the orbifold partition function 
(2.89) proceeds similarly to that described in [28], except that now the wavefunction (2.91) 
is completely gauge- invariant, because here we have solved the gauge constraint on 9E° in 
(2.8) and so the gauge parameter function A gets absorbed into the boundary scalar field 
degree of freedom ip^. We note again that the boundary field (p^ has for now free boundary 
conditions, and is arbitrary for both kinds of orbifolds. Only after integration over the 
gauge degrees of freedom will we encode its boundary conditions in the form of functional 
Dirac delta-functions in the path integral. 

Given the above decompositions, the orbifold wavefunction (2.91) is now rewritten as 

n%[a,^;Yj,,Y^]^ 

= J [D^] exp J A y" J2 {d^Y^ + id^^Y^) - i^J - d^^^ 

l 9S° 




üi {dj^ - 2 djYj, - 2hji e'^ dkY^) 

+ h'^ d,^ {d,^ - 2 a, YD - 2h,i 4Fn )] I . (2.95) 
By integrating by parts in the bulk of E° it foUows that this wavefunction factorizes into 
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bulk and boundary components as 

-fOrbt 



J [D^] exp I -¿ / C V^(^ - 2Fd)| *L , (2-96) 



where the boundary wavefunctional for both orbifold types is given by 

*as,D = J [D^hl j ¿ / '^b ^^^D - i a" (V' - ^d) 



PT 




(2.97) 



PCT: xl/^^ = J[Dip^] exp i ^ y" [^^^ ^H^n + C ¿?Vb] > • (2-98) 



We thereby find that the integrations over the gauge field degrees of freedom a" and ^ pro- 
duce, for the two types of orbifold involutions, Dirichlet and Neumann boundary conditions 
on the scalar field ip as 

Dirichlet (PT) : 6^o (v'(^ - 2 Y^)) 69^0 {cp^ - Yj,) , 

(2.99) 

Neumann (PCT) : 5^o(v^{íp - 2Yi))^ 89^:0 (d^íp^) . 

It is the A independence of (2.95) that leads to boundary conditions in (2.99) which 
diffcr from those found in [28]. But just as in [28], the roles played by the wavefunctional 
(2.95) at the orbifold branch point are to enforce the bulk equation of motion for the free 
scalar field íp on S°, and aiso to select the boundary conditions of the open string theory. 
Otherwise it simply corresponds to inserting the identity character state |1) into the inner 
product (2.89). 

The main new result hcrc is the appearence of the first exponential factors in the bound- 
ary wavefunctionals (2.97) and (2.98) which have emerged from a careful and specific incor- 
poration of the external sources and were absent in the analysis of [28] . After an integration 
by parts in (2.97), for Dirichlet boundary conditions (PT) it becomes 



Vd = exp 



k 



(2.100) 



The object (2.100) is just the vértex operator for a D-brane wrapped around a single 
compact dimensión of radius R and described by the coUective coordínate Yo. This holds 
with the usual Identification of the Chern-Simons coupling constant as 

k^^, (2.101) 
a' 
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where a' is the string slope. On the other hand, for Neumann boundary conditions (PCT), 
the boundary wavefunction (2.98) yields the vértex operator 



as° ) 

which is just the Wilson hne for the targct spacc gauge field component RY^/2a' around 
the compact direction. As expected by T-duahty, the vértex operators (2.100) and (2.102) 



Thus, as we anticipated at the beginning of this scction, the couphng of topologically 
massive gauge theory to an extcrnal current encodes both the Wilson hnes and the D- 
brane coUective coordinates of string theory. In the case of a more general topologically 
massive gauge theory with abelian structure group U{lY x f/(l)'^, the orbifold of the 
fields of the U{\)'^ sector by the PT involution of the bulk quantum field theory would 
produce vértex operators of the typc d^Lp^, with I = 1, . . . , d corrcsponding to the transverse 
dircctions to the branc, whilc the orbifold of the U{1)^ sector by the PCT involution of 
the three-dimensional gauge fields would produce targct space gauge fields Y^, with 
I = d + 1, . . . ,d + D running along the brane worldvolume dircctions. Geometrically, both 
involutions produce the same open surface but the charge conjugation opcration 

C acts on the charges and the gauge fields , and not on the membrane coordinates. In 
this way we have explicitly demonstrated the emergence of D-branes in the topological 
membrane approach to string theory through a derivation of the brane vértex operators in 
the corresponding induced conformal field theory action on an open surface. In section 4 
we will analyse D-branes at the level of worldsheet effective actions which are derived from 
the topological membrane by using the procedure outlined above. 



The purpose of this section is to construct the appropriatc gcncralizations of the Schrodinger 
wavefunctionals of the previous section which correspond to boundary states of D-branes 
in the induced boundary conformal field theory. We will first describe how these function- 
als reproduce the wcll-known three-dimensional descriptions of the fusión algebra and the 
corresponding Verlinde formula in the closed string sector. Then we shall show how to 
modify these calculations in the presencc of an orbifold of the topological membrane. We 
shall see that D-branes and string Wilson lines are naturally selected by gauge invariance 
of the bulk three-dimensional theory as fundamental boundary states. Moreover, in this 
setting the Cardy map between the set of admissible boundary states and conformal blocks 
is determined entirely by the spectrum of allowed charges of dynamical matter inside the 




(2.102) 



map into each other under d^ífy^ ^ id^^if^. 



3 BRANE STATES 
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topological membrane, i.e. by the number of possible ground states in Chern-Simons theory, 
which after orbifolding give distinctive boundary conditions. 



3.1 The Fusión Ring 

The U{1) topologically massive gauge theory has a multiply-connected gauge group, and so 
it corresponds to a c = 1 conformal field theory with an extended chiral algebra, the chiral 
algebra of the rational circle. For this, we take the Chern-Simons coefficient (2.101) to be 
the rational number 

k^^-^, (3.1) 

where p and q are positive integers. For simplicity we assume that p is even with p/2 and 
q coprime. The spectrum of charges on a closed Riemann surface E of genus g is given by 

Q\ = — = + 



with m^jU^ — 0,1, Y ^ = ^, ■ ■ ■ ,9 the winding and monopole numbers of a charge 
as it moves around canonical homology cycles ¡3^ of S. We assume, for each i, that the 
integers (m^, n^) form a Bezout pair with respect to the decompositions (3.2). The resulting 
conformal field theory is rational as the U{1) charges are now restrictcd to A, A € ['Lpq)^. 
For any integer n, we shall denote by [n] e Zp^ its integer part modulo pq. 

On the punctured (Riemann) sphere E = Sq (equivalently the infinite cylinder E = 

M X S^), there are pq primary blocks (l)\{z) = e^^'^^^^^'^, \ = 0,1, ... ,pq — 1 oí this chiral 
algebra. Members of the conformal family [cpx] have charges Qx + pl with l e Z. The 
corresponding fusión rules 

pq-l 

X [0^] = Y. N,; [0.] (3.3) 

i/=0 

may be determined through the representation theory of the group algebra C[Zpq\ oí the 
cyclic subgroup Zp^ in the U{1) gauge group. In this simple case the fusión coefficients are 
given by 

N,; = , (3.4) 

where 5[xj is the (periodic) delta-function on the finite group Zpg which is defined by 

^W = -E^"^'''^''- (3-5) 
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The natural metric on the fusión algebra is the charge conjugation matrix C : [cpx] 
and is given here by 



Because of the triviality of (3.6), we shall not distinguish between Índices which are raised 
and lowered with this metric. 

3.2 Punctured Wavefunctionals 

The main goal of this section is to provide a three-dimensional description of the fusión 
algebra of the previous subsection and its open string counterpart, with an eye to describing 
those conformal field theoretic states which correspond to D-branes. As we have shown in 
the previous section, D-brane states arise when we introduce external bulk matter into the 
topologically massive gauge theory. When these currents correspond to the propagation of 
charged particles in three-dimensions, they can be equivalently described in terms of the 
source-free gauge theory in the presence of Wilson lines 



K Ci J 

corresponding to the bulk propagation of charges Qi = \i/q along the oriented worldlines 
Ci C M. In the foUowing we will describe some generic properties of the correlators 



evaluated in the topologically massive gauge theory defincd on various thrcc-manifold ge- 
omctrics Af . As bcforc, all such correlation functions will be evaluated in the topological 
limit of the quantum field theory. The weight Wm depends on the particular three-manifold 
that we are working on. 

In this subsection we will be interested in (3.8) for the case of the vertical Wilson 
lines of the topological membrane (fig. 2 (a)), whereby the thrcc-gcometry is takcn to be 
M = S X [0, 1]. Then the opcrators (3.7) are not invariant under gauge transformations 
Ai Ai + 9jA but instead change by a phase factor which is given by the boundary valúes 
of A on Sq and S^. Since such gauge non-invariant terms should be absorbed as usual 
by shifting the WZNW field as (/? — (/? + A, it follows that insertions of the Wilson line 
operators (3.8) correspond to insertions of the primary fields e*'^''^ at the boundary points 
Zi^^i on So and Si corresponding to the two endpoints of the worldlines Cj. For a collection 
of unlinked and unknotted particle trajectories in M, these Wilson lines thereby correspond 
to gauge-invariant states of the topological membrane whose wavefunctionals can be built 



(3.6) 




(3.7) 




(3.8) 
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by inserting the tachyon fields e"^'*'' at the points Zi into the vacuum functional (2.33) to 
give 



Qi 



Qs 



o 



exp 



k 

Stt 



X 



m n 



iQi{v^{zi)+h^{zi)) } A 



i=l 



(3.9) 



The function /i^(z) is given by an integral over the harmonio parts a¿ of the gauge field 
one-forms and it takes into account the large gauge transformations E — > [/(l) which wind 
around the canonical homology cycles of E. The functionals (3.9) simply coincide with the 
gauge-invariant charged vacuum states constructed in the previous section in the case that 
the non-dynamical bulk matter fields correspond to static point charges, as they clearly 
solve the vacuum wave equation (2.47) and gauge constraint (2.23) with 



(3.10) 



1=1 



They consist of s gauge-invariant combinations of external particles in the bulk which pierce 
E at the points Zi. 





(a) 



(h) 



Figure 2: (a) The topological membrane with two linked Wilson Unes C and C . (b) Identifying 
the initial and final surfaces of (a) produces the three-geometry S x with two linked Polyakov 
loops. 



In the present case, invariance under large gauge transformations in the bulk is taken 
care of by inserting into (3.8) the weight functional [28] 

>vsx[o,i] (aqx) = n^""(^«) = n^^p l^^QxfA ' (3-11) 
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with AQ^ = —■nf'k/2 corresponding to a set of primary charges A e {'^pqY ■ This operator 
also incorporates the appropriate non-perturbative linking and monopole-instanton tran- 
sitions in the bulk. With this definition, the partition function (2.85) of the topological 
membrane yields, in the absence of sources, the inner product 

^^(r,r) = (i)^,[o,,] = fc^/^ Y, ^t(r)*x(r), (3.i2) 

where ^x(^) eífective topological wavefunctions of topologically massive gauge 

theory which depend only on the periods F of the compact Riemann surface E [28] . They 
are proportional to the characters of the extended Kac-Moody group in this case. The key 
feature of (3.12) is that it manifestly admits a holomorphic factorization into components 
depending only on the left and right moving worldsheets Sq and Si. In exactly the same 
way, the inner product (Si|So) of the charged wavefunctionals (3.9), defined as in (2.85). 
reproduces the c — 1 conformal field theory partition function on E with primary state 
insertions. 

3.3 Topological Correlation Functions 

To describe the chiral algebra of the rational circle, we can exploit the holomorphic factor- 
ization of (2.85) (or (3.12)) to restrict it to a single chiral sector of the worldsheet theory. 
This is achieved by introducing a fixed-point free gluing automorphism along the time di- 
rection of the membrane S x [0, 1] which identifies Sq = Si, i.e. we replace S x [0, 1] by 
the quotient space (S x [0,1])/ ~ with respect to the equivalence relation ~ defined by 
{z, 0) ~ (^, 1) \/z e S. We then Wick rotate the time direction to EucUdean signature. In 
this way, the vertical Wilson lines of the topological membrane become Polyakov loops of 
finite temperature gauge theory on M = E x (fig. 2(b)) [66]. Formally, the chiral corre- 
lation functions on E x are related to those of the topological membrane (on E x [0, 1]) 
as foUows. The crucial point is that in the ñnite-temperature gauge theory it is no longer 
possible to ñx the temporal gauge = O, as this is incompatible with invariance under 
large gauge transformations which wind around the S^. Instead, a natural consistent gauge 
cholee is dtAo — O, in which the membrane amplitudes can be evaluated as in the previous 
section with Aq regarded as an external static source. 

For a coUection of unlinked and unknotted loops Cj, the correlators (3.8) with weight 
functionals Wexsi = 1 depend only on the insertion points Xi e E. Then, by incorporat- 
ing the standard Faddeev-Popov gauge- fixing determinant, the trace of the wavefunction 
correlator (2.85) on E x [0, 1] in the states (3.9) can be used to genérate the Polyakov loop 
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correlation functions on E x through the trace formula 



1=1 



SxSi 



[DAo] [DA, DA^] det' dt 
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(3.13) 



where we have made the identification S = Sq = Si of initial and final membrane states, 
corresponding to the gluing Sq = Si, which gives a trace. We can now gauge away the 
field component Aq Ao — dtAt = O from the wavefunctionals in (3.13) via the time- 
dependent gaugc transformation = íAq with Aq = O and Ai = Aq. In the membrane 
picture, this gauge transform only affects the anti-holomorphic spatial components A-^ in 
the wavefunctions E\ on Ei. The Schrodinger amplitudes (2.85) are gauge-invariant, and 
whence up to an irrelevant normalization the trace (3.13) becomes 



IIWq^{xí)\ = Í[DA,DA^] b'^^mg't^ 

í=l / ExSi 
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. (3.14) 



Since the source-free Hamiltonian H = Hq m (2.43) of this thermodynamical system 
vanishes in the vacuum sector of the quantum gauge theory, this definition turns the topolog- 
ical inncr product into a trace of the identity opcrator over the finite-dimensional Hilbert 
spacc 'Hg^s,k{^i, ■ ■ ■ , K) of physical ground states of the gauge theory in the presence of 
Polyakov loop insertions. In two-dimensional language, this space is the same as the vector 
space of holomorphic conformal blocks of the corresponding WZNW model on a closed 
surface E of genus g with s vértex operator insertions [1,31,66], or alternatively as the 
ñber space of the appropriate Priedan-Shenker holomorphic vector bundle over the moduli 
space of s-punctured Riemann surfaces of genus g (with ^x(^) S'bove particular sections 
of this bundle) . It foUows that the dimensión of the vacuum sector of the matter-coupled 
topologically massive gauge theory is given by 



dim'Hg,s,fe(Ai,...,As) =Tr 



(3.15) 



i=l 



ExSi 



In this simple model it is easy to evalúate the topological numbers (3.15) by using the 
trace formula (3.14). The functional integrations arising after gauge- fixing and insertion of 
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the explicit forms of the states (3.9) are all Gaussian, as this is a free field theory. By using 
the decompositions (2.86) and (2.92), the bulk gauge field integrations are readily seen 
to elimínate the charge independent terms in the scalar fields </? after appropriate gauge 
transformations parametrized by them. Integration over the insertions (fi{xi) then produces 
a delta-function constraint enforcing bulk charge (or fiux) conservation on a closed space, 
Qi — O, and we arrive at 

dim7í,,3,fe(Ai,...,A,) = /c^/2<5[,,+...+,,] (^^ÍH , ^xír))^ , (3-16) 

Ae(Zp,)9 

where ( , )„ is the inner product on the space of harmonic one- forms which is given by an 
integral over the Jacobian variety of the Riemann surface S. The topological wavefunctions 
are orthogonal with respect to this inner product [28] 

Jac(S) 



where r2 denotes the positive-definite imaginary part of the period matrix F. The dimensión 
(3.16) is therefore given by 

dimng,s,k{>^i, ...,Xs) = {pqf ¿[A1+...+A.] , (3.18) 
as expected since here there are (pg)^ linearly independent topological wavefunctions ^x(^)- 



3.4 Surgical Wavefunctionals 

The final quantities that we shall need to know are the contributions from the linkings 
of charged particle trajectories, as illustrated in fig. 2. This is a purely bulk effect which 
can be computed by noting that in the neighbourhood of any such link, the three-manifold 
may be regarded topologically as the three-sphere and the linking effect as generated 
by closed contours C¿. With Wss = 1 and the bulk normalization of section 2.7 for the 
partition function, we may then invoke the standard formula [1] 

( n^Qj^]) = n e'f'«^«^#(^"^^) , (3.19) 

where 

#(Q, C,) = jdx,j dy, e'^^^ (3.20) 

is the Gauss linking number of the closed particle trajectories Cj and Cj which counts 
the number of signed intersections of C¿ with the surface spanned by Cj. When i = j 
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the self-linking integral (3.20) must be suitably regularized by a framing of the contour 
Ci [1]. More precisely, such effects are computed via surgery prescriptions, by gluing three- 
manifolds with Wilson lines onto the ones of interest to give invariants of links in and 
by using functoriality of the gauge theory amphtudes [1,63]. In what foUows, however, we 
will only be concerned with deriving relationships between the conformal blocks of open 
and closed string theories, for which the correspondence described above will sufñce. 

For the membrane hnkings of the sort illustrated in fig. 2(a), the linking effect can 
be incorporated analytically by introducing the fuU, non-chiral wavefunctionals obtained 
by gluing the left and right moving punctured states (3.9) together using the monopole 
operators (3.11) and the multi-valued angle function (2.15) of E. The vacuum functionals 
associated with the vertical (and possibly linked) propagation of charged particles from the 
boundary Eq to the boundary Ei are thereby given as 
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(3.21) 



where 

%(í) = 9[xi{t) , Xj{t)^ 



'£'=1 



Xi{0) Xj(t) Xj{0) xi{t) 

x' xj{0) x' Xi{Qi) 



(3.22) 



is the angle function for particles i and j [20] with x¿(0) = Zi and x¿(l) = and üj¿ — 
uje{z) dz, i = 1, . . . , g form a basis of holomorphic one-differentials on the Riemann surface 
E. The function (3.22) changes by 27r whenever the worldline of particle i wraps exactly once 
around that of particle j, as this induces an adiabatical rotation of coordinatcs {zi — Zj) 



.2m 



on E. For other purely bulk linkings such as those associated with closed 



Wilson loops in the interior of the membrane, one needs to use the Gauss linking formula 
(3.19) explicitly. Again we stress that by the usage of (3.19) to compute linking effects 
we will always be implicitly assuming an appropriate surgery prescription. With this, 
we have thereby arrived at a complete description of all gauge-invariant vacuum states 
in the matter-coupled topologically massive gauge theory, and henee at an exact, three- 
dimensional versión of the chiral algebra of the c = 1 conformal field theory underlying the 
rational circle. 
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3.5 The Ver linde Formula 



In this subsection we will exploit the simplicity of the present abelian model to describe 
some physical properties of the Verlinde diagonalization formula for (3.18) [77]. While 
technically this formula unveils no surprises for the case of the rational circle, we will 
intcrprct it here as a non-trivial statement about the requirement of charge conservation 
in linking processes among chargcd particles in the bulk. From the perspectivc of vacuum 
Schrodinger wavefunctionals, the topological Verlinde numbers express which combinations 
of the insertions givc wavefunctionals (3.9) with non-vanishing inner products, and henee 
which are the truc dimcnsions of the Hilbert spaces spanned by the states S. 

Our starting point is with the topological wavefunctions at genus 1 which are given 
by [28] 

= {kjl',{r) ¡'J^^ {'^ + ^)'} , A e Z„ , (3.23) 

where the modular parameter r is a complex number of imaginary part T2 > O and 

00 

r^(r) = Q^'^l^'' n (1 - e""""^) (3.24) 

r=l 

is the Dedekind function. Using the completeness of these states, we define the S-matrix 
through the modular transform 

=^S/*,,(r). (3.25) 

V '''^ A'=0 

It can be computed explicitly by using the definition (3.1), the modular transformation 
properties 

(3.26) 



and the Poisson resummation formula 

00 ..00 

g -'Khr'^~2TTÍbr' _ _¡_ ^ ^ -■K{r-bf/h 27) 
r'=—oo '\/h 

to get 



By writing r' = \' +pqr and summing (3.28) over X' = 0,1, ... ,pq — 1 and r G Z, we arrive 
at (3.25) with 
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Thus the modular transformation (3.25) is just a finite Fourier transform on the cyclic 
group "Lpq. The S-matrix (3.29) is symmetric and unitary, 

pq-l 

E Sa'' = Í[A-,] . (3.30) 

A'=0 

The kcy propcrty of (3.29) within the prcscnt context is that it can be defined in terms 
of a completely non-perturbative, thrcc-dimensional bulk process. Namely, it corresponds 
to the statistical cxchange phase betwecn two charged partióles whose bulk trajectories C 
and C are hnked according to #(C, C) = +1 and #(C, C) = #(C", C) = O, as iUustrated 
in fig. 3. This equality follows from the Gauss linking formula (3.19) along with (3.1), 
(3.2) and (3.29) which determine the loop correlator in fig. 3 as e^'^^Wfc = Saa'/Soa- This 
expression for the topological invariant of the Hopf hnk in can be derived more generally 
by using a surgery prescription [1] , in which a solid torus surrounding the link is cut out of 

and then glued back after performing a modular transformation on its boundary. 




Figure 3: The Hopf linking of two charges Q = X/q and Q' = X' /q in the bulk can be used to 
define the modular S-matrix. 



Let US now examine the fusión coefficients (3.4) for the rational circle. By using (3.5) 
they may be expressed as a sum of statistical exchange phases from linked particle trajec- 
tories in the bulk, which from (3.19) and (3.29) may each be written as 

^47r¿Q(Qi+Q2+Q3)/fc _ ^^iA^^zaSasA {Qot^ 

~ (Soa)^ ■ ^^-^^ 
The fusión coefficients can thereby be written as 

pg-i c c c 

nr -^AiA ^A2A -^AsA /Q 

^^AiAzAg - >, F > [Ó.ÓZ) 

A=0 

which is the celebrated Verlinde diagonalization for the three-punctured Riemann sphere [77] . 
It implies, in particular, that the eigenvalues n^^-* of the fusión matrix (Na)a'// = Nx^^ are 
given by 

ni^) = 1^ . (3.33) 

SoA 
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The statistical exchange phases (3.33) are discrete characters of the Zp^ gauge subgroup of 
the topologically massive gauge theory which themselves obey the fusión algebra 

pq-l 

nS^nW = 5^iV,,/nW (3.34) 

1^=0 

for all A e Zpq. 

On the other hand, according to (3.15) and (3.18), the fusión algebra of the rational 
circle is determined by the three-point function of Polyakov loops on the three-geometry 

X [66,67]. A heuristic derivation of (3.32) is depicted schematically in fig. 4. Again 
it can be derived more generally via surgery on x [1]. 




Figure 4: Schematic derivation of the Verlinde formula for the three-punctured two-sphere. In the 
first equality we note that the puncturing o/S = by Polyakov loops, as represented in fig. 2(b), 
can be interpreted as the single linking of each of the three loops with a loop in the trivial Q = O 
representation of the cyclic group "Lpq. In the second equality we use (3.5) to replace this trivial 
loop by the sum over a complete set of Polyakov loops. By (3.19), each term in this sum coincides 
with the linking phases (3.31). 

The general case (3.18) is treated similarly, giving the general Verhnde formula 

pg— 1 s 
A=0 i=l 

for the dimensión of the corresponding vacuum Hilbert space of the three-dimensional gauge 
theory. Physically, we consider s static charges Qi, . . . , Qs moving in the bulk of E x 
which puncture the genus g Riemann surface E at fixed, distinct points xi, . . . ,Xs. Such 
a punctured Riemann surface can be represented hy 2g + s — 2 "pants" (three-holed or 
three-punctured Riemann spheres) glued together along the holes. One then takes a sum 
over charge labeUings of the internal hole boundaries of the product of Nx^x^Xs, one for each 
pair of pants. For example, in the source-free case we have 

pq-l 

dim n,,o,, = E E ^AA.'^ ^.,Ar K,xr ■ ■ ■ N^,x,' ■ (3.36) 

A=0 Al Ag 

Ul,...,Ug 
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By using (3.32) and unitarity (3.30) of the S-matrix, we then arrive at (3.35). It is in 
this way that we may interpret the Verlinde formula dynamically as the statement of over- 
all charge conservation for arbitrary, non-perturbative hnking processes involving charged 
matter in the bulk quantum field theory. In other words, the formula (3.35) expresses the 
construction of the three-dimensional wavefunctions (3.9), which carry Information about 
the physical spectrum of the induced string theory, from diíferent gluings of three-manifolds 
with boundaries by pants. 

3.6 Ishibashi Wavefunctionals 

In this subsection wc will construct a basis of wavefunctionals which genérate the three- 
dimensional counterparts of closed string, brane boundary states of the rational circle. The 
basie idea is that the diagonal, modular invariant torus partition function [28, 65] 

pq-l 

Z^(t,t) = V% J]¡*a(t)(8)*^(t) (3.37) 

encodes Information about the closed string Hilbert space in radial quantization of the 
two-dimensional o"-model on the infinite cylinder E = M x S^. It can be regarded as an 
element of the infinite-dimensional vector space 

pq-l 

= m ® [^a] , (3.38) 

A=0 

where the conformal block [0;^] is regarded now (under the operator-state correspondence) 
as the irreducible Virasoro module built on the Fock state \Q) corresponding to the primary 
ñeld e^^'^. This Identification makes use of the inner products on [cpx] and [(px] in the 
usual way. 

With this in mind, let us consider the wavefunctionals (3.9) of the topological membrane 
with E = Sq the punctured sphere. Their charges Qi label the irreducible representations 
of the cyclic group Zp^, and so they act on (one-dimensional) vector spaces spanned by the 
Fock vacuum states \Qi). Via apphcation of the corresponding Virasoro descendent fields, 
these vector spaces can be extended to the modules [(f)x^]■ In other words, the wavefunctional 
(3.9) is an operator acting on the product of the corresponding representation spaces, so 
that 

s 

e (g) [0aJ* <8) [0aJ . (3.39) 

i=l 

In the next section we will see how the membrane amplitudes also incorpórate the string 
descendent fields into the actions of the operators in (3.39). 



Qi 



Qs 



;0 
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Given this interpretation, we will now study the one-point operators (3.39) (with s = 1) 
in some detail. The structure of a vertical Wilson line operator Wq[A] corresponding to the 
bulk propagation of a non-self-hnking charge Q from the right-moving sector Eq to the left- 
moving sector Ei of the string worldsheet depends crucially on what discrete symmetries 
we require of the topologically massive gauge theory. Let us first consider the simplest case 
whereby the bulk quantum field theory possesses the fuU PCT invariance. Then from (2.63), 
and the fact that the time inversión operation T reverses the orientation of the contour C 
defining the external partióle worldline, it foUows that the PCT involution of the quantum 
field theory acts on vertical Wilson lines as 

PCT : Wq[A] ^ Wq[Á\ . (3.40) 

This imphes that charge is conserved for external particles which propágate along a Wilson 
line from Eq to Ei, i.e. Q — Q — m. In this case, the charge non-conserving monopole 
induced processes are suppressed, Ws2x[o,i] — and from (3.39) it foUows that the one- 
punctured state (3.9) may be regarded as an operator 

: [0,] . (3.41) 

By gluing together the left and right moving sectors as we did in (3.21), we can then 
form the vacuum wavefunctionals corresponding to PCT-invariant states of the membrane 
with the appropriate bulk propagation of external charges as 

$°[^„^^;^,^] = H«o 

Here wc have made the identification S = Sq = Si as is dictatcd by the orbifold symmetry 
(with respect to P) which identifies left and right movers Eq = Si. The operator (3.42) 
acts only in the diagonal, left-right symmetric product [0a] ® [0a=a] ^ 7i^, and as such 
is proportional to the orthogonal projcction P\ = |A,/)(A = A, / 1 onto this subspace, 
with |A,/), / G Z+ the elemcnts of the corresponding number basis. By choosing the 
proportionality constant to be one and using the inner product on [0^], it follows that the 
homomorphism (3.42) on [0^] — > [0^] is in a one-to-one correspondence with the coherent 
state 

oo 

= ^|A,/) ® í/pí/clA,/) , (3.43) 

1=0 

where the anti-unitary operators Up and Uq respectively implement the parity and charge 
conjugation automorphisms on the right-moving Hilbert space with UpUc\X,l) G [0a]- 
This vector is recognized as the Dirichlet Ishibashi state for the c—1 Gaussian model [78] , 
of Kaluza-Klein momentum m about the compactified direction. The set of states ]m))°. 



Q 



Az,Az;-{ ¡^;0 



I 



(3.42) 
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m e span the space of boundary states of the rational circle corresponding to Dirichlet 
boundary conditions on the open string embedding fields. We shall therefore refer to (3.42) 
as a Dirichlet Ishibashi wavefunctional. It is the unique vacuum state of the topologically 
massive gauge theory which carries definite U{1) charge Q — m and which respects the 
PCT symmetry. 

The analysis is similar in the case where only the PT sub-invariance of the quantum 
field theory is assumed. Prom (2.65) it foUows that the action on vertical Wilson hnes is 
now 

PT : Wq[A] ^ W.q[A] , (3.44) 

and there is a vortex operator of charge (2.17) which ruins charge conservation in propaga- 
tion along a Wilson line from Eq to Si, i.e. Q = —Q = —kn/i. Again the one-punctured 
state is the operator (3.41) but, because of the non-trivial monopole process, instead of 
(3.42) one must now form the vacuum functional 



Q = -Q 



z 

Q 
O 



O 



It coincides with the orthogonal projection onto the subspace 
therefore with the closed string coherent states 



\kn/4)f = ^|A,/) ® í7p|A,r 



(3.45) 

h=-x] C H^ and 
(3.46) 



where Up\\,l) G [0-a]- These are just the Neumann Ishibashi boundary states of the 
rational circle, of vanishing total momentum along the compact dimensión, and henee we 
will cali (3.45) the Neumann Ishibashi wavefunctionals of the topological membrane. They 
are the unique vacuum states of definite charge which are invariant under three-dimensional 
PT transformations. The anticipated properties of closed string Ishibashi states are thereby 
a consequence of boundary gauge invariance of the bulk wavefunctions in three-dimensions. 



3.7 Boundary Couplings and Wilson Lines 

For the remainder of this section we will analyse generic boundary wavefunctionals which 
are expansions in the Ishibashi wavefunctionals (3.42) and (3.45) of the form 

V'B = E C + E *n ■ (3-47) 

m n 

We wish to determine what sorts of combinations (3.47) correspond to three-dimensional 
states of D-branes. In boundary conformal field theory, such states would be constrained 
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by various sewing and locality conditions, the most important of which is the celebrated 
Cardy condition [79]. The constants B in (3.47) characterize the boundary condition of the 
corresponding two-dimensional state. We will only deal with those boundary conditions 
that preserve the original U{1) gauge symmetry of the topological membrane. Then the 
sums in (3.47) run through all m, n e l'pq/2 for the case of the rational circle. As we will 
see in the foUowing, the three-dimensional formalism naturally selects the "fundamental" 
branes that satisfy the Cardy relations. 

The key to this analysis will be a study of the behaviour of Wilson line correlators of the 
bulk three-dimensional gauge theory after application of the pertinent orbifold involutions. 
In this subsection we shall make some general remarks about the explicit construction of 
conformal boundary conditions from the membrane perspective. For brevity we consider 
only the PT orbifold of the topologically massive gauge theory and work to lowest order 
in string perturbation theory. Consider a two-dimensional boundary conformal field theory 

with a set of boundary conditions labelled by a, /3, The basic observation here is that 

a D-brane vértex operator insertion corresponds to a change in boundary conditions from 
a to P and that in terms of the fuU membrane picture it is interpreted as a Wilson line 
insertion on the boundary when the theory is subjected to Dirichlet boundary conditions, 
as depicted in fig. 5. The simplest counterpart of this insertion in the fuU three-dimensional 
membrane corresponds to a configuration with two Wilson lines and is pictured in fig. 6. 




In the absence of boundary terms in the Schrodinger wavefunctionals, the PT orbifold 
does not allow non-trivial Wilson line inscrtions to Uve on the boundary of the string 
worldsheet [26]. However, they are now possible due to the boundary terms that we have 
derived in the orbifold wavefunctions which induce the vértex operators (2.100). The field 
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Figure 6: The PT orbifold of the topological membrane in the presence of two Wilson Unes with 
one boundary vértex insertion. The charges propagating along the Wilson Unes are constrained by 
bulk charge conservation. 



Id inust in this way have a discontinuity at the insertion point of the Wilson hne which 
generates some charge qa/s- The full three-dimensional theory must genérate a mirror charge 
at that insertion point to screen it and its pair somewhere in the bulk of S°. Then the 
new pair "propagates" through the bulk to the other boundary Eq = ^i, where the charges 
emerge with opposite signs due to the monopole and linking processes described earlier 
(recall that here the orbifold charge spectrum is of the form kn/A). 

A natural assumption is that the discontinuity is generated by a magnetic flux which 
is responsible for the appearence of charge at the insertion point. As a toy model we can 
thereby take 



where x is the coordínate of the boundary 92° and xq is the point of insertion on the 
boundary. Here denotes the usual Heaviside function, and = np — ría with and 
rif} integers. The components of the corresponding current on c}E° are then given by 



and integrating the bulk Gauss law (2.11) locally in a neighbourhood a^^ C E° of the 
insertion point yields the total magnetic flux 



Yd^x) = 2iTna + ^nuais Q{x — Xq) 



(3.48) 



f{x) 
p{x) 



— nap6{x - xo) , 
ikria/B duS{x — xo) , 



(3.49) 




(3.50) 
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As required, the total flux is an integer múltiple of 27r, and the integers Ua and np are 
related to the decomposition of the boundary states. Note again that the total charge in 
the bulk theory vanishes, and only at the orbifold flxed point does a non-trivial charge 
emerge. This same argument holds for the inflnite strip with a Wilson line insertion on one 
of the two boundaries. 

However, the above picture is not quite complete, because here we are working with 
compact manifolds, meaning that after orbifolding our boundaries are always closed. In 
other words, instead of the complex plañe we should consider the parametrization of a disk, 
and instead of an inflnite strip we have an annulus. Thus we must consider at least two 
vértex insertions, as depicted in flg. 7, such that 

y^oi-c) = ^TrUa + Q{x — Xi) — 2iTna¡3Q{x — X2) (3.51) 

in order to induce the appropriate changes of boundary conditions. The simplest coun- 
terpart in the fuU three-dimensional membrane corresponds to a conflguration with two 
Wilson hnes ending at the boundaries as illustrated in flg. 8. Note that in the absence of 
Wilson line insertions at the boundary, the boundary condition is nonetheless flxed by a 
constant valué for the fleld Yq on dT,°. This same picture is valid for the annulus diagram 
with each of the two boundaries treated independently. 




Figure 7: Boundary conditions on a disk: Two- dimensional perspective. 



To quantify these arguments somewhat, let us consider the charge insertions at the 
boundary of E° as they appear in the punctured wavefunctionals (3.9) and rewrite them 
as boundary integráis over an effective charge distribution Q{x — Xq) which represents a 
discontinuity at the charge insertion point in terms of the Heaviside function, as explained 
above. Then in the presence of a D-brane vértex (2.100) we get the total exponential factor 



Vd exp|i Q (/7(xo)| = exp < ^ dx 



Q{x-xo)-^Yr)ix) 



d^ip{x) 



(3.52) 
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Figure 8: Boundary conditions on a disk: Three- dimensional perspective. 



By shifting the brane coUective coordínate as Y]:,{x) — > Yii{x) + {4:n / k) Q{x — Xo), we recover 
the standard D-brane vértex operator (2.100) but now Yd{x) has a discontinuity ai x — xq 
as in (3.48). The same constructions can be carried out for múltiple Wilson line insertions. 

3.8 Orbifold Correlation Functions 

Prom the analysis of the previous subsection we may deduce an important property of the 
computation of correlators of the orbifold gauge theory, which may be regarded as a three- 
dimensional versión of the bulk-boundary correspondence of two-dimensional conformal 
field theory [80]. This correspondence is based on the fact that each bulk point of an open 
surface E° = E/Z2 has two (mirror) pre- images on its Schottky double E, and it states that 
the s-point correlators on E° are in a one-to-one correspondence with the chiral 2s-point 
correlation functions on E. The interaction of local fields with the boundary of E° (in the 
form of boundary conditions on 9E°) is then simulated by the interaction between mirror 
images of the same holomorphic ficld on E, carrying conjúgate primary charges A, A = ± A. 
The basic example of this correspondence in the membrane picture is provided by the 
orbifold partition function (2.89) at genus g obtained from (3.12), which reads 

Z°{r) = A;^/^ Y, ^?(r) , (3.53) 
Ae(Zp,/2)« 

A=±A 

where ^??''^(r) are the reduced topological wavefunctions whose quantum numbers A are 
either purely winding or momentum integers according to which of the PT or PCT orbifolds 
of the quantum field theory has been taken. 
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More generally, let us assume that the boundary of E° consists of b connected compo- 
nents = S^, a = 1, . . . , 6, so that 

b 

dTT = U ■ (3-54) 

a=l 

The pre-image of each on the double cover E is a Z2-invariant, equatorial loop. It 
therefore corresponds to a Wilson loop on a chosen time slice in the covering cylinder 
E X [0, 1], which becomes a circle of singular points in the corresponding three-dimensional 
orbifold [61-63]. This fact foUows immediately from comparison of the orbifold wavefunc- 
tionals (2.90) and (2.91), and from the remarks made in the last subsection. In particular, 
as each component corresponds to the bulk propagation of an external U{1) particle, it 
carries an integral charge Q^, again dependent on the type of orbifold taken. 

A generic vertical Wilson line correlator in the orbifold theory with the boundary valúes 
Q'i, . . . , Qf, the field Y — Yj^ or In on 9E° may then be computed by using those of 
section 3.2 through the prescription 




s „ 
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xWsx[o,i](Agx) ^0 





Zs \ 


Qs 






• • • Zs 


Qi 


■■■ Qs 



CU 

(3.55) 




This is of course just the orbifold inner product (Si/2|So)oj.b defined in (2.89) on the wave- 
functional (3.21) with the prescribed boundary valúes of the external currents. By using a 
finite temperature correspondence completely analogous to that of (3.13,3.14) in the pres- 
ence of Polyakov loops, we may evalúate (3.55) as the ordinary Wilson hne correlator 

b s \ 

n \{y^^Aod^Q^) Wq^=±Q. ) , (3.56) 

orb \ "=1 i=l / Ex Si 

where it is understood that the weight VVsx[o,i](AQ¿) is unity whenever the bulk monopole 
proccsscs associatcd with particle i are supprcsscd, i.c. Q¿ = Qi- Whilc this correspondence 
doesn't completely determine the functional dependence of the correlators on S°, it sufñces 
to determine the relationships between the conformal blocks corresponding to the left and 
right hand sides of (3.56). We have also assumed that the Wilson hne insertions Wq. only 
pierce the interior of the open string worldsheet E° as illustrated in fig. 9, so that the 
left-hand side of (3.56) corresponds to a bulk insertion of primary fields in the boundary 
conformal field theory. In order to properly account for the topological dependences of 
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Figure 9: The two equivalent representations of the orbifold Wilson Une correlator which defines 
a bulk s-point function on the open string worldsheet. In the second picture the holomorphic 
and antiholomorphic sectors of the covering closed string worldsheet are identified as in fig. 2(h), 
with the two ends of each Wilson Une interpreted as independent chiral insertions on S. Thus 
each orbifold Wilson Une is associated with two Polyakov loops carrying extemal charges Qi and 
Qi = i Qi (not shown explicitly here), which are constrained by the discrete symmetries which are 
gauged to perform the orbifold of the topologically massive gauge theory. 

the correlation functions, one would need to further specify an appropriate homological 
truncation to the Lagrangian subspace (2.61). This will not be required in the foUowing. 

As is seen from (2.91) and discussed above, the equahty (3.56) can be understood from 
the fact that the branch point locus of the orbifold is equivalent to point-like insertions 
of curvature singularities for the gauge field in the quantum theory [61]. In addition, the 
charges of these closed Wilson loops have the very natural interpretation as boundary con- 
ditions on the open string worldsheet. This provides a very simple and elegant derivation of 
the well-known result that the allowed conformal boundary conditions correspond to spe- 
cific integral reductions of the primary charges of the rational circle, i.e. that the boundary 
conditions are in a one-to-one correspondence with the primary fields of the chiral conformal 
field theory. The equality (3.56) now incorporates the worldsheet boundary effects through 
the linkings of the vertical Wilson Unes with the closed boundary loops, as depicted in fig. 9. 
The case of the sphere S = with orbifold the disk E° = is depicted in fig. 10. In 
the presence of Wilson lines in the full thrcc-dimensional membranc, each sphere living at 
each fixed time slice will be pierced and each of these piercings constitutcs a new boundary. 
Consider two Wilson lines of charges q and Qc piercing E1/2 at points z and Zc which are 
related by the action of the orbifold group gcnerator [26] . The piercing is considered to live 
in the bulk of the disk as pictured in fig. 10. 

As in section 3.5, the linking of external particle i with the boundary component C¿ of 
(3.54) produces the statistical phase factor e'^'^*'^*'^"/'^ = Sa¿a^/Soa^, so that in this simple 
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Figure 10: Orbifold o/ = under Z2, whose action yields the open string worldsheet 
= = D^, with Wilson Une insertions. 



case the boundary eífects may be unravelled to write the orbifold correlator (3.56) as 

s \ Q'i-Q'b ^ l I ^ \ 
H^Qi) {\{'^>^^K^^Ao,^i^Q^)^Q.^Q.=±Q^ ■ (3-57) 

¿=1 / orb «=1 \ i=í I SxSi 

Let US stress again that in (3.57) the allowed partióle charges Qí,Qí = ±Qí and Q'^ are 
prescribcd by the discrete PT or PCT symmetries in three-dimensions. This formula is the 
key identity which will allow us to completely specify the membrane states of D-branes. 



3.9 Fundamental Wavefunctionals 

We are now rcady to analyse the expansión (3.47) into Ishibashi wavefunctionals. Branes in 
the background are completely characterized by their couplings to closed string modes, 
and these couplings are encoded in the expansión coefficients B of (3.47). Not all linear 
combinations of Ishibashi states can couplc to the bulk conformal field theory. To determine 
the appropriate couplings, we will compute the one-point functions of bulk fields on the 
interior of the disk D^. 

Consider the propagation of a charge Q from the Schottky double to the orbifold 
whose boundary carries a charge Q'. According to the general relation (3.57), the orbifold 
Wilson line correlator can be represented in terms of a bulk Polyakov loop correlator in the 
finite temperature gauge theory as 

. = ^ (Ws^x[o,i](Ag) WqWq^^q) . (3.58) 

According to (3.55), the correlator on the right-hand side of (3.58) coincides with the 
membrane inner product (2.85) on Ishibashi wavefunctionals as 



/ orb 



n , (3.59) 
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where B = D, N labels the particular type of Ishibashi wavefunctional (3.43) or (3.46) 
obtained from the given PCT or PT symmetry of the three-dimensional gauge theory. These 
latter states are defined on the punctured sphere Sq, whereby a fictitious screening charge 
is present at the puncture in order to render the right-hand side of (3.59) non-vanishing, as 
explained in section 3.7. Such screenings will always be implicitly assumed in the foUowing. 

Consider now a generic membrane state ipy of the geometry Sq x [0, 1] which is labelled 
by the boundary charge Q', and which is invariant under the given orbifold involution, i.e. 
an expansión in the appropriate Ishibashi wavefunctionals as 



(3.60) 



IJ,=±IX 



We wish to consider in particular those wavefunctionals ipy which are "fundamental", in 
the sense that their membrane inner products are determined by the trivial Q — O Wilson 
line in the orbifold theory with boundary condition Q'. This is achieved via the insertion 
of a complete set of orbifold Wilson lines, and by using (3.59) we find 

Q' 



E 



orb 



\=±\ 



SoA' 



(3.61) 



Prom (3.61) it foUows that the couphng coefñcients of (3.60) are then given by 

Saa' 



B A 



SoA' 



(3.62) 



and we have thereby arrived at a remarkably simple derivation of the celebrated Cardy 



solution (up to an irrelevant normaUzation by vSov ) of the sewing constraints in boundary 
conformal field theory [79] . As before, a more general argument uses an appropriate surgery 
prescription [63]. 

The couplings (3.62) (trivially) obey the factorization constraints 



gB A gB A 



E V'Fa'i 



A'eZpg/2 
A'=±A' 



dB a 



(3.63) 



where F are the fusing matrices of the rational circle which are given by 
\_P 

'^/x + 1/ + cr - \]Ji -\- V -\- a]^ 



X exp 



pq 



+ (i/ + (t) + 2i/ + cr - [// + I/] - [z/ + a])] I . 



(3.64) 
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They may be defined in terms of the interactions between Wilson lines in the bulk three- 
dimensional gauge theory, as depicted schematically in fig. 11. The classifying algebra 
(3.63) thereby completely determines the brane moduh in the form (3.62), whose physical 
interpretation now depends on the type of orbifold taken. 




Figure 11: The fusing matrices F are defined through the worldline junctions associated with the 
charge conserving interactions of four charged particles in the bulk labelled hy ^,u,p^cT. They rep- 
resent a cross channel duality in the interscctions of the corresponding Wilson lines and are related 
to the statistical exchange phases that arise from the linkings of the charged particle trajectories. 



For B = D, by using (2.64), (2.101), (3.1) and (3.60) we thereby find that the most 
general fundamental, U{1) gauge symmetry preserving and PCT-invariant membrane wave- 
functionals are given by 

pq/2-l 

MAz:Ar,z,z]^ Y, e^-«/^$^[^„A^;z,z] , (3.65) 

m=0 

where 

a = — - — , l e Zpq/2 . (3.66) 

The state (3.65) can be given the foUowing physical interpretation. Let us compute the inner 
product of (3.65) with the action of an unknotted vertical Wilson line W^/f^á] corresponding 
to the propagation of a charge m' e 'Z^pq/2 from Eq to Ei. By using the explicit forms (3.9) of 
the Ishibashi wavefunctionals (3.42), and the fact that the eífect of the Wilson hne 
is to induce the S^-valued operators = e*"*'"^ on the string worldsheet, we find 

P9/2-1 

m=0 

pq/2-1 

= E ^'"^'^^'^ (l|^fmW]> = ^"^"'"^'^ i^l^a) . (3.67) 

m=0 

We intcrprct (3.67) to mean that as a particle propagates through the bulk of the membrane 
in the prcscncc of the particle state dcscribcd by (3.65), it undcrgoes a non-local interaction 
with this particle dcfect and acquires a statistical phasc factor c "^'^^ from linking. In 
the worldsheet picture, this defect clearly corresponds to a D-brane situated at the point 
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(3.66). Note that in this case the brane moduli (3.62) are p*^ roots of unity, and so the 
positions of the D-branes are restricted to lie at the vértices of a regular p-gon. 

For the case B = N, from (2.66) it foUows that the most general fundamental, gauge 
symmetry prcscrving and PT-invariant membrane states are 

pq/2-l 

^^[A,,A^;z,z]= J2 e^'""^*^!/!,,^^;^,^] . (3.68) 

n=0 

They describe Neumann branes which carry Wilson lines 

W = , l e Zpq/2 . (3.69) 

pJrí 

In this case the target Wilson hne is induced by those of charged particles in the bulk 
of the topological membrane. 

Let US stress again that the particular coupling coefñcients (3.62), which correspond to 
the statistical exchange phase between two Hopf linked charged particles, arise from the 
assumption that the brane states (3.60) are compatible with the fuU U{1) gauge symmetry 
of the topological membrane. This property was captured by the first equality of (3.61), 
which took into account the sum over all U{1) charges. It is possible in this simple case to 
find other expansions (3.60) which preserve a smaller symmetry group and still obey the 
necessary conformal factorization constraints (3.63). These rational boundary symmetries 
would then restrict the D-brane moduh to a smaller subset of those found above. However, 
these branes do not constitute very natural objects from the point of view of the underlying 
topologically massive gauge theory, and within the present framework we may use gauge 
invariance as a guiding principie to conclude that the special branes found above account 
for all the relevant branes of the topological membrane. 



3.10 The Cardy Condition 

In the previous subsection we saw that the closed string coupling coefñcients of membrane 
wavefunctionals were dctermincd unambiguously by the requirement of gauge invariance. 
We recall that a similar principie was used in the derivation of the Verlinde formula (see 
fig. 4). This suggests that there could be a natural relationship between them. In boundary 
conformal field theory this connection is known as the Cardy condition [79]. Here we shall 
investigate how it ariscs as a natural fcaturc of the membrane formulation of the open string 
sector, and thereby providc a nice consistency check of the present formalism. 

For this, we will study the one-loop, open string annulus amplitude. The Schottky 
double of the annulus is the torus of purely imaginary modulus t — ít2, and the Neumann 
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partition function is obtained from (3.37) by the orbifold with respect to the PCT symmetry 
of the three-dimensional gauge theory. This results in the genus 1 annulus amphtude [28] 

pq/2-l 

Z\T,)=k''' J2 ^n'(^^2) , (3.70) 
n=0 

where 

2(kT2)y' r,{'T2)\ l * V iJ i 

The orbifold partition function (3.70) is a vector in the open string Hilbert space 

pq/2-l 

[Cl ■ (3.72) 

n=0 

Now let US considcr the annulus with prescribcd charges ni and n2 on its two boundary 
circles. By using bulk charge conservation and the fusión coefñcients (3.4), we may write 
the annulus partition function restricted to this sector as 

pq/2-l 

ZImÍ^2) = k"' J2 *r(^r2) . (3.73) 

A=0 

On the other hand, the Dirichlet cylinder amplitude for closed string propagation in a 
time span 27rf2 is obtained from (3.37) via a PT orbifold in three-dimensions and may be 
written as [28] 

Z°(f2) = fci/^ E ^Z\^f2), (3.74) 

m=0 

where 

*r(.Í2) = ^^ E -P|-^('''f + . (3.76) 

2 ^(^^2) r'=-oo ^ ^ 

Worldsheet duality is the statement that the partition functions (3.70) and (3.74) coincide 
after a modular transformation, 

Z°(f2 = 2/T2) = Z°(t2) , (3.76) 

which may be derived explicitly by using the Poisson resummation formula (3.27) [28]. 
In the next section wc will give a dynamical interpretation of this duality in the finite 
tcmpcraturc gaugc theory. Whcn restricted to a fixcd boundary charge sector as in (3.73), 
application of the definition (3.25) to (3.74) reproduces the Verlinde diagonalization formula 
(3.32). This is thereby a three dimensional versión of the open string derivation of the 
Verlinde formula through the Cardy relations [79]. 
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Formally, the Cardy condition arises because the fixed boundary charge restriction of 
the partition function (3.74) is, by definition, the membrane inner product 

ZlAñ) = (V^? I V^?> (3.77) 

of fundamental wavefunctionals (3.60). By using the expansión coefñcients (3.62) and 
comparing (3.77) with (3.73) after a modular transformation, we arrive at the Verlinde 
formula. Alternatively, the three dimensional dynamical description of this condition foUows 
from surgery [63], analogously to the derivation depicted in fig. 4. In the present case, we 
use the fact, discussed earlier, that the annulus graph can be interpreted in three dimensions 
as the correlator of two Wilson lines carrying the prescribed boundary charges Qi and Q2- 
We may thereby represent (3.73) as the correlator of three Wilson loops of charges Qi, 
Q2 and Q3 — O linked with a trivial Q — O loop, as in the first equality of fig. 4. By 
rewriting the trivial loops as sums over complete sets of Polyakov loops, we again arrive at 
the anticipated result above. 

4 BRANE TENSIONS 

In this final section we shall describe what is perhaps the most important aspect of the three- 
dimensional representation of D-branes, that the topological membrane approach yields the 
correct tensión of a D-brane. This will require two additional steps beyond what we have 
developed thus far. First, we shall have to properly introduce and study the mass scales 
of the bulk three-dimensional theory and discuss how they genérate those of the induced 
worldsheet theory. Second, we will introduce the excited eigenstates of the gauge theory 
Hamiltonian and study the Hilbert space of physical states beyond the topological vacuum 
sector. With these developments we will show that the appropriate D-brane tensión arises 
both as a dynamical property of the topological membrane and as an intrinsic quantity set 
by the mass scales of the bulk theory. As we will see, the careful incorporation of the bulk 
mass scales is absolutely crucial for the appropriate appearence of the D-brane mass, as 
they are required to remove the genuine quantum field thcorctic divergences which arise 
above the vacuum sector in the three-dimensional formulation. As additional bonuses, we 
shall discover the proper formulation of descendent string states in three-dimensions and 
also acquire a new perspective on worldsheet modular duality. 

4.1 Dilaton Coupling 

In our derivation of the D-branc tensión in three dimensions, we shall ñrst describe how 
the appropriate factors of the string coupling constant Qg appcar. For this, we need to de- 
scribe how to incorpórate the string dilaton field into the topological membrane formalism. 
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This problem was addressed in [24] and consists of examining the conformal coupling of 
topologically massive gauge theory to topologically massive gravity through the action 



'S'ctmgt[^, D] 
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M 



kD^ R{üj) + %Kd^Dd^D 
8k ^ Dd^D + Scs[A,uj] 



(4.1) 



dM 



which is defined on a three-manifold M. Here k is the three-dimensional Planck mass, R{üj) 
is the curvature of the torsion-free, S0{2, 1) Lie algebra valued spin-connection lü^ of the 
frame bundle of M, and D is a dimensionless scalar field in three spacetime dimensions. 
The first term in (4.1) is a modification of the Einstein-Hilbert action, while 
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e^^^ d^A^ + — e'^^^ ( o;^ d^u^l + - e"^^ a;« u^l oü^ 



(4.2) 



is the sum of the gauge and gravitational Chern-Simons actions. 

The action (4.1) is invariant under three-dimensional conformal transformations [24]. 
In the naivc vacuum (-D^) = O, the spcctrum of the corresponding quantum field theory 
contains a massless scalar particle but no graviton or gauge degrees of freedom, so that 
in this phase the model is equivalent to the puré topological field theory defined by the 
Chern-Simons actions (4.2). On the other hand, in the phase where the scalar field has 
a non-vanishing vacuum expectation valué, there is a propagating graviton mode with mass 
Stt/í {D^)/k' and a photon with topological mass 
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(4.3) 



The zero-point quantum fluctuations of the ñeld D thereby set the mass scales of the bulk 
theory. 

For the membrane geometry M = E x [0, 1], in addition to the usual conformal cr-model 
of central charge c — 1 hving at the boundary E, the gravitational sector of the three- 
dimensional theory (4.1) induces Liouville theory coupled to a worldsheet dilaton ñeld on 
E [24] . After the usual boundary identiñcations and an appropriate rescahng of the ñelds, 
the eífective two-dimensional gravity action is given by 



--^ (In + (f>) _2fiD d,D + — 
47r ^ ' Idtt 



(4.4) 



where is the Liouville ñeld, R^"^^ is the usual two-dimensional curvature of the world- 
sheet E, and As is the worldsheet cosmological constant which is induced by the dreibein 
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condénsate and topological graviten mass of the gravitational sector of the original three- 
dimensional theory (4.1), and by the vacuum expectation valué of the scalar field D"^. Prom 
(4.4) it is clear that D is the three-dimensional versión of the string dilaton field, and 
that the string coupling constant, like the three dimensional mass scales, is dynamically 
generated by the vacuum expectation valué 

9s = {D') . (4.5) 

Then, from (4.4) it foUows that the contribution to the string statistical sum from a Riemann 
surface E of genus g with h boundaries and c crosscaps will contain the factors 



^exp|-i- j d^z (inD^) 



(<7.)-^(^) , (4.6) 



where 

X(S) = 2-2g-h-c=^ Jd'z (4.7) 

E 

is the Euler number of E. 

If S is a closed surface, then (4.6) gives the contribution to the closed string sector of 
the worldsheet theory. The crucial point now is that the open string sector can be obtained 
as a Z2-orbifold of the closed string sector. In the usual way, the original action Sy, defined 
on the closed surface S is twice that of its orbifold, Sj] = SS'^/^^ i'^^] ■ Thus the open string 
contribution is given by ((^s)"^^^^^^- Heuristically, this feature manifests itself within the 
three dimensional picture in the membrane scattering amplitudes (\t'i|\I^o) between states 
^0 and \&i inserted at the initial and final surfaces Eq and Ei in the closed string picture 
(see fig. 1). Inserting a complete set of wavefunctionals í'1/2 at the orbifold fixed point 
t — 1/2 in the bulk of the topological membrane determines this amplitude as [28] 

(*i 1*0) = ^ (*i 1*1/2 > (*i/2| *o> ■ (4.8) 

*l/2 

Under the orbifold operation, the initial and ñnal surfaces are identified, Eq = Ei, and the 
only wavefunction that can live at E1/2 is the identity character state |í'x=o) = so that 
the right-hand side of (4.8) reduces to |(l|\E'o)p. Thus the decomposition (4.8) heuristically 
means that closed strings come in a double volume of open strings, as usual. It foUows that 
the open string membrane amplitudes should be identified with the square roots of closed 
string ones, 

For example, while the leading order closed string diagram varies with the string cou- 
pling constant as l/(gfs)^, the disk amplitude behaves like l/gs, which is the standard 
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coupling dependence of the D-brane tensión at tree-level in string perturbation theory. 
These arguments can also be used to account for the missing square root dependences of 
the Wilson hne correlators (3.57). 

4.2 D-Brane Tensión 

To derive a formula for the brane tensión one can proceed in one of two ways. The first 
one, which we shall begin developing in section 4.4, computes the three-dimensional versión 
of the one-point tadpole insertion on a disk, i.e. the Wilson line correlator (3.58) in the 
presence of a monopole. This uses the fact that, in the worldsheet theory, the mass is 
measured by the one-point function with the graviton vértex operator and it requires a 
development of excited string states in the topological membrane. The second approach, 
which we will pursue in this subsection and the next, is to use our bulk construction of the 
brane coordinates In and to derive the Dirac-Born-Infeld action from the membrane 
partition function. This exploits the fact that the tensión appcars as the boundary entropy 
factor in the overall normalization of the open string partition function. 

To make the derivation as explicit and general as possible, we will consider, in this sub- 
section and the next only, a more general topologically massive gauge theory with struc- 
ture group U{iy, abelian gauge fields , and corresponding field strengths , where 
/ = 1, . . . ,d. The source-free action is given by 

1 

41Íigt[^;^] = Jdt J d'z 

o E 

The inclusión of external sources, as in (2.2), will be described in the next subsection. The 
Chern-Simons coefñcient (2.101) is now modified to the rank 2 constant tensor 

Kij^^{Gij + íBij) , (4.11) 

where Gu is a symmetric real matrix which is interpreted as the target space graviton 
condénsate, while Bjj is an antisymmetric real matrix which is interpreted as a constant 
background NS-NS two-form field. Note that in complex worldsheet coordinates, the an- 
tisymmetric part of the Chern-Simon coefñcient matrix is purely imaginary, owing to the 
Euclidean signature of the target space. The prcvious rcsults derived in section 2 generalize 
straightforwardly with the inclusión of the symmetric part Gij. On the other hand, the 
terms containing Bjj are total derivatives and thereby contribute only at worldsheet bound- 
aries. The bulk gauge theory (4.10) induces the two-dimensional c — d conformal ¡r-model 
with target space the d-dimensional torus T'' of metric Gjj. The closed string conformal 
field theory is characterized by a Narain lattice T{K) C W^'''' with rational-valued moduh. 



(4.10) 
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We shall now present a careful evaluation of the partition functions associated with the 
quantum field theory defined by (4.10), keeping track in particular of the normalization 
factors that were neglected in the analysis of section 2.7. For closed strings, after identi- 
fying both boundaries Eq and Ei with opposite orientations [16,24-28], we find that the 
generahzation of (2.85,2.87) is given by the path integral 

Z= = (^.)-^(^)AA 

n / [DAiDAÍ^ J [D^^] expj-^ J d\ [2 [A{- d.^l) [Al - d^) 



d 

X 

7=1 



(4.12) 

Here we havc idcntificd the gaugc ficld dcgrccs of frccdom A^ on both boundaries, and 
assumed that the path integral over the Liouville field is performed with its contribution 
absorbed in an appropriate overall normalization constant included in A/". We have also 
frozen the dilaton field D at its classical valué, as will be discussed further in section 4.4. 
The chiral scalar fields and íp{ are induced by U{lY gauge invariance of the corresponding 
Schrodinger wavefunctionals on the surfaces Eq and Ei, respectively, which combine into 
the non-chiral fields ip^ = ip^ — ip{ on "Z. 

In keeping with the discussion of the previous subsection, we will fix A/" such that the 
closed string partition function (4.12) contributes the usual perturbative weight {gs)^^^^\ 
along with the usual topological contributions as in (3.12) which to avoid clutter we will 
not display explicitly. The functional Gaussian integrations over A^ and in (4.12) may 
be done explicitly as described in section 2.7, and by exploiting the fact that the fields are 
defined on a compact surface to expand them in a countable basis of functions on S. In 
genus g — O this is the Laurent basis on the complex plañe which is labelled by Z, íor g = 1 
it is the Fourier basis on x which is indexed by Z^, while for > 2 it is given by the 
Krichever-Novikov basis which is labelled by Z for g even and by Z+ 1/2 for g odd. Infinite 
constants are then regulated by using the standard zeta-function regularizations 

00 00 

nc = c-V^ JJ e=l. (4.13) 

n=l n+l/2=l 

The A^ integráis are performed after an appropriate shift of the fields {Al,Al) {A^ — 
dz(Po,A^ — dz(p{)- In this way the contribution to the normalization constant comes from 
two complex functional Gaussian integrations and results in 
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where the index Vg depends on the genus of the surface and is given by í/q = 1, ^^i = 2, 
while Vg — 1 íor g >2 even and Vg — Q íor g > 2 odd. 

In the case of open strings, the worldsheet Si is, under the given orbifold involution, 
identified with Sq and the wavefunction at E1/2 consists only of terms on the boundary (9S°. 
This point was already used in (3.56) and will be further elucidated in the next subsection. 
Then we have only the integral over one of the boundaries, say E = Eq, and the orbifold of 
(4.12) yields the mass formula 

'áei{Gu/a')Y''^ 



exp 



Aira' 



GuÁid,<p' (4.15) 



-Gu d,^' Ai + a' K:j {Ai - d,^') {Ai - d.^^) 



where the overall mctric dcterminant factor in (4.15) comes from the rcgularizcd inte- 
grations enforcing the functional Dirac delta-functions which imposc the boundary condi- 
tions (2.97,2.98). Remembering the orbifold correspondcncc rule (4.9), wc have identified 
(4.15) as the square of the orbifold contribution to the normalization of (2.89) determining 
the branc tensión. As before, to determine the precise topological dependence here requires 
an appropriate truncation to the Lagrangian subspace (2.61). This is not required to de- 
termine the dependence of the mass formula on the couplings. Note that on the boundary 
9E° only the antisymmetric part Bu of Ku is present, and generally its symmetric part 
Gu acts as a metric for the raising and lowering of the U{lY group Índices (target space 
directions in the induced string theory). As with the topological contributions, we suppress 
these boundary terms in all formulas of this subsection. 

Let US first consider the PT orbifold of the three-dimensional gauge theory (4.10), corre- 
sponding to a o?-brane wrapping T*^. Integration over the gauge field components in (4.15) 
as described in section 2.7 then yields 

Vg/2 

71 det{Gjj/a') 
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Gjp {K-Y'' Gj'j = - (Gu + iBu) 



(4.16) 



(4.17) 



[a')^ ' ' a' 
is the T-dual background to the Chern-Simons coupling matrix (4.11), with symmetric and 
antisymmetric parts Gjj and Bu, respectively. Carrying out the remaining path integration 
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in (4.16) and inserting (4.14) then yields finally 



det{Kij) 

= a' {gsr>^^''^ I , , = I . (4.18) 



^AndetiGij/a') 



The eífective coupling (4.18) is the familiar Born-Infeld action for a flat background Kjj 
times the right power of the string couphng constant Qs, giving the famihar contribution 
to the D-brane tensión on T'^ [57,76]. Note that it is determined in part by the eífective 
cr-model action of (4.16) in the T-dual background fields, as expected. 

For the PCT orbifold of the gauge theory (4.10) , the terms involving solely the metric Gjj 
disappear. Working through as above one finds that the final result of the open string path 
integral is oc det(G/j)~^'"^^, yielding the correct dependence of the tensión appropriate 
for Neumann boundary conditions along each of the directions of T'^ [57,76]. Thus from the 
topological membrane approach we naturally obtain the anticipated spacetime supergravity 
field and string coupling dependences of the tensions for both Neumann and Dirichlet 
branes. Note that this derivation is completely independent of the induced boundary vértex 
operators that we obtained in section 2.7, and is simply a consequence of the orbifold 
properties of the topological membrane. 



4.3 Eífective Actions 

We will now carry the analysis of the previous subsection one step further and incorpórate 
sources into the orbifold partition functions, as we did in section 2. For this, it sufñces to 
consider the foUowing construction. At time í = 1/2 tlic wavcfunctional (2.96) simply sets 
boundary conditions on the fields (p and produces the appropriate boundary vértex operator 
insertions of section 2.7, while at í = O (identified by the orbifold involution with í = 1) the 
wavefunctional (2.90) produces the actual effective u-model with a constant background 
Kjj, as is apparent from (4.16)-(4.18). So let us identify each point on E° = S1/2/Z2 with 
two points on Eo = E, so that the closed Riemann surface E constitutes a double covering 
of E°. In this way, as described at the end of section 2.7, from a,U{iyxU (1)^ topologically 
massive gauge theory one obtains the open bosonic string partition function in constant 
backgrounds with D-branes and Wilson lines, 

d+D „ d d+D 

Z° = (^,)->^(^)/2 n / M 11'^^^° W n '5oEo(9^0 e-^-[^l, (4.19) 

1=1 a=l m=d+l 

where the fields a — 1, . . . ,d obey Dirichlet boundary conditions and m — d + 
1, . . . ,d+D obey Neumann boundary conditions on the boundary of the open string world- 
sheet E°. As before, the boundary of E° in the three-dimensional membrane is situated 
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at the branch point locus x-^ — O oí the orbifold, and we have already used the prescrip- 
tion (4.9). By using the shifts AL ^ ÁL - Att {R-^y-^ Gjjf Y/ and ^ - in the 
original orbifold path integral, the effective action in (4.19) is given modulo topological 
contributions by 

OTTOí J l J 

1 r (4-20) 
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where wc have used a Hodge decomposition of the sources analogous to (2.93) and a suitable 
source rcscaling. 

This is the usual string theoretic, deformcd worldsheet cr-model action in the presence 
of D-branes and Wilson lines. The effective target space action is obtained in the standard 
way by integrating out the fields ip"' with Dirichlet boundary conditions [55]. In particular, 
by using the boundary conditions (/pj^ = izólas in the static gauge for constant background 
ip'"\ the orbifold partition function (4.19) integrates (modulo topological terms) to the 
Dirac-Born-Infeld action [56] 

SbBI = (y.)-^^''^/' J d^'ip \det{]Cmn + Tran)\'''' , (4.21) 

where 

/ = (^™ , Fd") . (4.22) 

Since we are working with constant background Ku, the D-brane action (4.21) is manifestly 
invariant under T-duality. 



4.4 Excited Wavefunctionals 

In this subsection we will construct excited states of the topological membrane which will en- 
able an alternative, intrinsic derivation of the D-brane tensión within the three-dimensional 
formalism. At the same time, this solves a long-standing problem in the topological mem- 
brane approach to string theory, the proper construction of states in the three-dimensional 
gauge theory which correspond to excited, descendent string states in two-dimensions. For 
this, we rewrite the non-vanishing electric field commutators in (2.12) in complex coordi- 
nates as 

'e,{z),E^{z') 
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(4.23) 
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This is a functional Heisenberg oscillator algebra which in the Schrodinger picture can be 
represented as in section 2.1 by the electric field operators 

. S ik , 



5A, 
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(4.24) 



The Hamiltonian of the dilaton-coupled topologically massive gauge theory part of the 
action (4.1) is straightforward to obtain in the classical background of the dilaten field 
with (Z)^) 7^ 0. As usual, the vacuum energy density arising from normal ordering the 
Hamiltonian operator using the commutation relations (4.23) is a divergent term ¿*^^)(0). 
The normal ordered energy density is then defined such that the divergent term drops out, 
° hij E^E^ ° = EzEz, and the dilaton-coupled gauge theory Hamiltonian in the temporal 
gauge Ao = O is 
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(4.25) 



The equations of motion obtained by varying the classical action (4.1) with respect to the 
dilaton field D read 

1 



F^,uF'''' - 16/í V^D + 2kD R{üj) = O , 



(4.26) 



27^)3 

which we note carefuUy uses the boundary term over dM in (4.1) that ensures the dilaton 
field theory has a classical extremum. By using the Minkowski signature of the three- 
dimensional metric (2.1) to compute F^,^F^'' = — 7^ _E^i?2 + S^, we can use the classical 
valué of the dilaton field determined from (4.26) to express the magnetic field term B'^ in 
(4.25) in terms of the field theoretic oscillator number operator E^E^. We find 
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J \^^E^E, + 2kV{D,oü)\ , 



(4.27) 



where the dilaton potential is given by 



V{D, uj) = 8D V^D - R{uj) 



(4.28) 



and is essentially the three-dimensional energy density of the Liouville field theory (4.4). 
Note that substituting D'^ by its vacuum expectation valué given from (4.26) breaks the 
quantum S-duality symmetry 1— > (const.)/D^. 

Prom (2.31) it foUows that the vacuum states (3.9) are zero-modes of the field theoretic 
harmonic oscillator annihilation operator E^ in (4.24), 
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(4.29) 
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Physically, from (4.27) it then foUows that the dilaten coupling to the gravitational sector 
induces a shift in the ground state energy of the membrane from ¿^o = O to 



(4.30) 



£q^k {V{D,üj 



This zero-point energy vanishes in the puré Chern-Simons hmit /í — > O of topologically 
massive gravity (cquivalently in the phase of the topological field theory with {D"^) = 0). 
Geometrically, the electric field operators (4.24) define a connection on a principal U {q)- 
bundle V over the space of gauge fields of the given (non-trivial) complex line bundle over 
the Riemann surface E [5]. This connection, according to (4.23), has constant curvature 
I = |. By using in addition the constraint (2.32), the condition (4.29) simply means 
that the vacuum wavefunctionals (3.9) of the topological membrane are gauge-invariant 
holomorphic sections of the bundle V. This property is of course tied to the fact that 
the vacuum sector is a topological field theory, whose quantization yields the holomorphic 
Priedan-Shenker vector bundles of the induced conformal field theory on E. 

We will now construct the eigenstates of the Hamiltonian (4.27) by using these obser- 
vations. The natural gauge-invariant excited states of the topological membrane are the 
Landau levéis created by the field theoretic harmonic oscillator creation operator of 
(4.24). They are obtained by acting on the wavefunctionals (3.9) with non-negative powers 
li oí the operators Ez{zi) at the primary field insertion points 2;^ e E to give 
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= exp||- J d'zA^A)j j[Dip] ^^p|¿ / (5,<^-2A^) ^.(^l 

X n ^ (a,{zí) - dM^i)t e^^^ (^(-')+'^-(-')) . (4.31) 

As before, the excited states are gauge invariant up to a projective phase, and as in 
(3.39) in the cases that the worldsheet is the punctured sphere, E = Sq, they act on the 
product of the corresponding Virasoro modules. 
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(4.32) 
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They are the proper gauge invariant wavefunctionals that correspond to string descendent 
States of higher level numbers 

A^ = J]^^>0. (4.33) 



1=1 



By construction, the wavefunctionals (4.31) are eigenstates of the Hamiltonian operator 
(4.27), Hd^^ = En where the excited state energies are those of Landau levéis, 



N , 



(4.34) 



with /i the topological photon mass (4.3). There is therefore an infinite, continuous degener- 
acy labelled by the locations Zi & T, oí the insertions. From the three-dimensional perspec- 
tive, higher string statcs thus correspond to Landau levéis which consist of = Zj gauge 
invariant combinations of external chargcd particles and photons, situated at the points Zi. 
As expected, in the naive vacuum (-D^) = O, the excited states become infinitely massive 
and decouple from the topological sector of the quantum field theory with S = Sq = 0. For 
a generic dilaton coupling to topologically massive gravity, the scale of the theory is just 
the photon mass /x. 

In what follows we shall need the inner product of two states of the form (4.31) in the 
finite temperature gauge theory on E x S^. The calculation proceeds along the lines of that 
in section 3.3, and in keeping with the conventions of the rest of this section we absorb all 
functional determinant factors into an appropriate bulk normalization. The inner product 
of two chiral excited states is given explicitly by the path integral 
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We shift Az ^ A, + d^íp, A, — > A, + dz(p' in (4.35) and use gauge invariance of the 
topologically massive gauge theory action. By substituting in the gauge orbit decomposition 
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(2.86) and using the bulk normalization described in section 2.7, we arrive at 
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= J [DA, DA^] exp i ¿ I <fz i^i, I -L A,{x,f \{ A^'Y^' 
X j [Dip] J [D^'] exp 1 1^ J d'z d^{^ + d,{^ + 

s s' 

X JJ e~^^'(^^''')+'*^(''')) JJ e'^í'^^'^''^'^'^''^'^''^'^^ . (4.36) 

i=l i'=l 

We evalúate the functional integráis in (4.36) exactly as we did in section 3.3. The new 
feature here is the insertions of the gauge fields in the holomorphic and antiholomorphic 
sectors. The Gaussian integráis over these insertion points require s — s', and that the 
coUections {xí; and {x[; be equal as unordered sets, i.e. up to a permutation 

n E Sg on s letters. This is of course just the usual Wick expansión, which is weighted by 
the combinatorical factor Each of these integráis also introduces a factor /j! {A7r/ky^~^^, 
and additional normalization terms from the harmonic degrees of freedom of the gauge fields 
due to these extra insertions are taken care of as described in section 4.2. The integráis 
over the insertions (p{xi) and íp'{x'j) then impose charge conservation '^^ÍQí + Qí) — 0. The 
rest of the calculation proceeds exactly as before. 

In this way we find that the dimensión formula (3.18) is modified by these excited states 

to 
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with the level number N defined by (4.33) and the index Vg defined in section 4.2. Thus 
the states (4.31) are orthogonal, and Dirac dclta-function normalizable with norm given by 
[pqy/'^ (^47¡-//;;)(^~^9)/2, Notc that (4.37) dcpcnds cxplicitly on the actual insertion points on 
E, in contrast to what occurs in the vacuum sector where the gauge theory is topological. 
The formula (4.37) can be loosely thought of as dcscribing the modification of the dimensión 
of the vacuum Hilbert space from the excited mcmbranc states. In the next subsection we 
show how to make this statement more precise, and use it to provide another derivation of 
the D-brane tensión formula from the topological membrane approach. 
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4.5 The Regularized Dimensión 



In [57] it was shown that there is a universal formula for the tensión of a D-branc in 
terms of the suitably regulated dimensión of the space of physical open string states of the 
associated boundary conformal field theory. In this subsection we will show that, quite 
remarkably, there is an analog of this dimensión formula in the topological membrane ap- 
proach. The key feature is that once we consider the entire Hilbert space 'Hg^s,k{^i, ■ ■ ■ , ^s) = 
'Hg^s,k{^i, ■ ■ ■ , K',h, ■ ■ ■ , h) of all states of the form (4.31) with definite U{1) charges, 
the Hamiltonian no longer vanishes and has energy spectrum given by (4.30,4.34). This im- 
plies that the statistical mechanical partition function Tt i^(^Xi,...,Xs){^^^^^) is no longer 
independent of the inverse tempcrature ¡3 which is the circumference of the thermal circle 
S^. However, in the high-temperature limit (3^0 whereby the circle shrinks to a point, 
the partition function is the trace of the identity opcrator and yields the dimensión of the 
physical state space 7Yg,s,fc(Ai, . . . , A^). Of coursc this dimensión is formally infinite above 
the vacuum sector (containing infinitely many Landau levéis) as it includes propagating 
states of the three-dimensional photon which has mass (4.3). However, by carefuUy taking 
the limit we will see that the temperature compactiñcation provides a well-defined regu- 
larization and yields a dimensión formula which reproduces the D-brane mass (4.18). This 
is completely analogous to the way the dimensión formula gives the brane tensión in [57]. 
In the context of the topological membrane approach, this derivation is far more desirable 
than our previous one, because it provides a more intrinsic three-dimensional deñnition of 
the tensión in terms of the mass scales of the bulk theory, with no explicit reference to its 
string theoretic origin. 

Having to sum over all states (4.31) required to compute the trace over Hg,s,k{^i, ■ ■ ■ , K) 
would be an arduous task. We can, however, simply the calculation by the foUowing 
observation. Since the electric ñeld operators obey [£"^(2), ^^(z')] = O = [¿^(z), £^(z')], 
we can take a generic wavefunctional (4.31) and adiabatically transport every one of its 
insertion points to a single point 2; e E. The only effect this operation will have is to 
induce phase factors due to the linkings of the charged particle trajectories in the bulk (see 
section 3.4). Although these phase factors constrain the charge spectrum of the quantum 
gauge theory [25] (and henee the momentum lattice of string theory), for the calculation 
that foUows they play no role and will simply drop out of all formulas with the appropriate 
normalizations. Thus without loss of generality we may lift some of the infinite degeneracy 
at each level, such that the contribution to the trace over physical states depends on only 
a single representative excited wavefunctional for each Landau level A^. In other words, we 
compute the trace only over the single insertion states (4.31) which have s = 1 and N = l. 
We denote the Hilbert space in which these states live as TCg^kW — 0iv>o ^fl.i-feí-^' 
In the string theory picture, this reduction simply means that the mass is measured by 
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the coupling of a brane boundary state with the graviten vértex operator. Its relation to 
Ishibashi states and the Cardy formula is obtained through the analysis of section 3.9. 

The regulated dimensión of the Hilbert space is defined as 

reg dimn,,kW = lim IV ^^^(,) (e"^^-) . (4.38) 

The first thing we need to do is define precise ly the trace over s = 1 states (4.31) contributing 
to the statistical mechanical partition function in (4.38). We sum over aU Landau levéis 
> O and positions a; G S of external particles. As there are N idcntical ways to insert 
the particles via the electric field crcation operator in (4.31), wc need to divide by the total 
number A^! of permutations in each Landau level. Furthermore, we normalize the trace 
by dividing it by {pq)^, so that (4.38) coincides with the number of linearly independent 
topological wavefunctions whcn rcstricted to the vacuum sector of the topologically massive 
gauge theory. Thus the formal definition of (4.38) is given by 



reg dim7Í5,fe(A) = 1™ ^ ^ j (fx 
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(4.39) 



Substituting the energy eigenvalues (4.34) and the wavefunctional normalizations (4.37) 
into (4.39), and summing over all Landau levéis thereby yields 

reg áimHg,k{X) = ' Inn Aj, 5^^\Q) exp |-/?£o + y e'^'^/^^'^j , (4.40) 

where At, is the área of the Riemann surface E and the ground state energy Sq is given 
by (4.30). As expected from bulk charge conservation, the expression (4.40) is independent 
of Q. However, it is singular. Due to the Dirac delta-function normalizability of the 
excited physical states, the contribution from each Landau level diverges as ¿^^^(0). To 
get a finite result, we remove these quantum field theoretic infinities by an appropriate 
renormalization of the gravitational sector of the bulk theory at finite temperature. For 
this, we regúlate the delta-function at the origin as At, 5^'^\tí) — Auy///, where Auy — > oo is 
a fundamental ultraviolet cutoíf on the string worldsheet E. In the given non-trivial dilaton 
background, it foUows from (4.40) that the three-dimensional Planck mass k should then 
scale logarithmically with the cutoíf and linearly with the temperature as 

Klv{D,uj))^\hi(^\ (4.41) 



/3 \ IX 

in the limits (3 O and Au^ oo. Then our derivation of the dimensión formula is non- 
singular provided that the mass scale of the gravitational sector is logarithmically cióse to 
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the ultraviolet cutoff (and the topological photon mass) and linearly cióse to the (infinite) 
temperature. 

However, this is not quite what we want, as one easily checks that even after this 
renormalization, the formula (4.40) does not reproduce the correct target space radius 
dependence of the D-brane tensión that we found in section 4.2, except in the topological 
limit — > oo or (D^) = 0. The reason for this is that from the point of view of the 
bulk three-dimensional dynamics, we should be decompactifying the temperature circle 
rather than shrinking it to a point, in order to map the excited state contributions onto 
those appropriate for the topological membrane dynamics. Thus we instead compactify the 
Euclidean time direction on the dual circle of radius ¡3 — and take the equivalent 

limit ;9 — > oo. The expression (4.38) is thereby computed as 

reg d\mn,,,{X) = jim Tr^^^(,) (e"'^^-) . (4.42) 

Everything proceeds in precisely the same way as above but with the temperature replaced 
by its dual. In particular, by taking the limits ¿9 — > oo and Auv — > oo with ln(Auv)//3 held 
fixed, the topological graviton mass now undergoes a finite renormalization. With this, the 
above calculations show that only the lowest Landau level N — O contributes in the hmit 
/9 — > oo, and we arrive at the final expression 



reg dimng,k{X) = ( ^} 
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(4.43) 



for the regulated dimensión of the physical Hilbert space. Note that this formula could also 
have been obtained by taking the instead the limit /3 — > in (4.40), appropriate to the 
membrane geometry E x [0, 1], in the topological sector where (D^) = 0. 

Comparing with (4.18), we thereby arrive at the dimensión formula 



= [^y^' a' (<7.)-^(^) ^reg dim7í,,,(A) . (4.44) 

The appearence of the square root here is not surprising when we apply the orbifold corre- 
spondence rule (4.9) to the closed string amplitude which appears in (4.43), i.e. it produces 
the appropriate regularizad dimensión for the open string sector. This applies to the PT 
orbifold, corresponding to a D-brane wrapping the target space circle of radius R given 
by the formula (2.101), in which case the physical state normalization formula (4.37) may 
be applied directly. In the case of the PCT orbifold, corresponding to a Neumann brane 
along the target space circle, one needs to modify the contribution of harmonic modcs to 
the normalization functional integral (4.36) along the Unes dcscribcd in section 4.2. It is 
straightforward to then show in a completely analogous way that the regulated dimensión 
of the space of physical membrane states is given by reg dim7ig,k{X) = {Aii/kY^ and henee 
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that once again the formula (4.44) holds. Thus (4.44) is a universal result for the physical 
States of the topological membrane. 

4.6 Worldsheet Duality 

The truncation to the lowest Landau level N — O used to arrive at (4.43) is the analog of the 
fact that the dominant contribution to the regularized dimensión of the open string Hilbert 
space in the associated boundary conformal field theory comes from the identity represen- 
tation in the closed string picture [57]. This is completely consistent with the membrane 
interprctation, as these are the only contributions relevant to the orbifold of the amplitude 
(4.8). In fact, the passing to the dual temperatura compactification f3 ^ f] is the analog 
of the worldsheet modular transformation that is used to compute the boundary conformal 
field theoretic dimensión of states and which induces the usual worldsheet duality between 
the open and closed string sectors. The Cardy condition in this context simply states the 
equality of the closed string cylinder amplitude between two boundary states and the one- 
loop annulus amplitude with corresponding prescribed open string boundary conditions. 
This is essentially what was computed in section 3.10. It follows from the calculation of 
the previous subsection that this worldsheet duality is simply a duality between Wilson 
and Polyakov loop correlators in the three-dimensional gauge theory. In fact, as we now 
explain, the topological membrane approach gives an interesting new perspective on this 
duality. 

Consider the one-loop open string vacuum diagram with boundary conditions labelled 
by a and f3. In the membrane picture, it corresponds to an annulus S° = which sits at 
three-dimensional time t = 1/2 (see fig. 1). Its Schottky double is the torus S = which 
sits at the times t = O and t = 1. In the open string channel, as the string propagates around 
the cycle of the annulus, each point on it is described by two pre-images on the torus. In the 
closed string channel, it thereby indeed corresponds to closed string propagation, but now 
between the two corresponding Ishibashi states. With left and right moving worldsheets 
glued onto each other in the orbifold picture, i.e. Sq = Si, the propagation in worldsheet 
time T e [0, 1] is interlaced with the membrane propagation time t e [0, 1] in such a way 
that the equivalence between the open and closed string channels is clear. These processes 
are all depicted in fig. 12. 
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Figure 12: Membrane representation of worldsheet duality. (a) An open string has two closed 
string pre-images. (b) The interlacing between worldsheet and membrane time evolutions. Propa- 
gation of the string between its initial and final Ishibashi states \a)) and requives a superposi- 
tion of the initial and final membrane wavefunctionals í'o «^c^ *i • Here the horizontal direction 
is propagation along the membrane time t. (c) The propagation of the closed string between the 
Ishibashi states naturally induces a worldsheet annulus diagram. Here the horizontal direction is 
propagation along the worldsheet time r. 



lowship. 
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